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PEEPACE. 



Thb purpose of the present treatise is to give a 
clear idea of Trigonometry, both Plane and Spheri- 
cal, as a science, and also to explain its practical 
utiliiy. The whole of the book is entirely original, 
and the examples haye been written with a view to 
illustrate the principles of the science and their 
practical application, rather than to puzzle the 
student by an array of difficult formulsa. 

The series of tables at the end will, it is hoped, 
be found very useful. 
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ABBREVIATIONS AST) DEFINITIONS. 



Sine 


is usually wntten sin. 


Cosine 


„ „ cos. 


Tangent 


„ „ tan. 


Cotangent 


„ „ cot. 


Secant 


„ „ sec. 


Cosecant 


„ „ cosec. 



In any triangle the angles are nsnally expressed 
by A, Bj and 0, and the sides respectively opposite 
to these by a, h, and c 

Sin X sin is usually written sin\ and so of all the 
other ratios. 



Angle (A + B) means an angle equal to the sum 
of the two angles A and B. If A = 40° and B = 36^ 
then A + B = 75°. 

Angle (A — G) means the angle left when G is 
taken from A. If A = 40° «sA C» -- '^^ > *^^!2^ 
A - G - 5°. 



X ABBREVIATIONS AND DEFINITIONS. 

By " Solution of a Triangle," is meant the finding 
the values of its three sides and three angles. To 
do this it is necessary to have given the three 
sides, two sides and an angle, or one side and two 
angles. 
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INTRODUCTION. , 

The study of Trigonometry requires a knowledge of 
Algebra and Geometry. Theoretically, it is the 
study of the relations existing between ih.e different 
parts of triangles generally; practically, it is the 
application of the propositions so established to the 
purpose of calculating, from given data, the magni- 
tude of the sides and angles of particular triangles. 

To commence this study with any hope of pro- 
ficiency, it is requisite to be familiar with Greometry, 
especially with the Propositions established in the 
Sixth Book of Euclid, and also to have % practical 
knowledge of Algebra, at least as far as the solution 
of Quadratic Equations. 

In the edition of Euclid,* which is intended as an 
introduction to Trigonometry, the Second Book is 
discussed Algebraically, as being more completely 
understood, and also more practically available, when 
80 treated. In the same manner it is proposed here 
to discuss the Sixth Book of Euclid's Elements, 
which is the one upon which Trigonometry is more 
especially established. 

Piiop. 1. Triangles and parallelograms of the same 
altitude are to one another as their bases. 

Let there be any number of triangles of equal 
altitude, then these triangles are to each other as 
their bases. 

Let "i be the common altitude of any two of the 
triangles ABC and D E F, and the respective bases 

♦ Euclid's FAvmeiv\a ol QifevyKw<e\si. '^^^y^ -^^^ ^^*- 
London. 1807. 



12 EUCLID. BOOK VI. 

be a and 6. Then, ifa = xb, also the triangle ABC 
= X times the triangle D E F. 

For a maybe divided in x parts, each one equal h. 
Let each of these points of division be joined with 
the vertical angle, then there will be x triangles, 
each havings a base equal to the base of b, and 1::^ing 
between the same parallels. 

. • . triangle A B C = cr triangles D E F ; 
t. c, triangle ABC: triangle D E F : : a : &. 

Prop. 2 is a very important one. 

If a line be drawn parallel to any side of a triangle, 
it will cut the other sides, produced if necessary, in 
the same ratio. 






Let a, h, c, be the sides of the triangle, opposite 
respectively to A, B, and C ; then, if D E be drawn 
parallel to a, it will divide h and c, in the same ratio. 

Let A D be 05, and A E be y, then D B = c — a;, 
and E C = & — y, and the theorem to be established 
is that— 

b : c::b — y : c — x; 

also, c : b : : c — X : b — y, 

and b : c : : y : X. 

If, therefore, a line be drawn parallel to a, bisect- 
ing c it also bisects 6 ; if it cuts off one-third of c it 
also cuts off one- third of b, &c. 
J^ wJUheseen thsA the line need not be drawn 
^thi'n the triangle; in (2) it is diawii\)e\o^ \Xi^ 
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base, and in (3) above the vertex ; in each case the 
sides are produced to meet it, and the theorem still 
holds good. But in (2) x and y are greats, respec- 
tively^ than c and h, and the theorem becomes — 

X :y :: c:})\ 
also, jc — cry — &::c:6, 

and y : X ::h : c. 

In (3), X and y are distinct from c and h, and may 
be of equal, greater, or less magnitude than c and 
h respectively ; then the theorem becomes — 

a? : y : : c : 6, 
and c + uj:6 + y::c:6. 

Prop. 3 is that, if an angle of any triangle be 
bisected, the bisecting line cuts the opposite side of 
the triangle into two parts, having the same ratio as 
the other two sides. 




D C 



Express the sides by a, h, and c, respectively, 
and — 

Let the angle A be bisected by the line A D. 
Then let C D = x, and B D = a — sc, then — 

c:h \ : a— x : x. 
Produce BA to E to meet CE drawn parallel 
to A D, tiien — 

AE = AC = &. 

For angle AC E = angle A E C. 

Then B A : AE : : BD : DC; 

i.e., c: b : : a -^ X : X. 

Prop. A is a peculiar case oi \5afc ^feTvKtaX'^^^st'ss^ 
of Prop. 3, in which the angle \)\fifecX»\ '\^ «si. ^iMasK^s^ 

/ 
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one, and the baso is produced to meet the catting 
line. 
In this case — 



X is greater thaa a, 
and the propodtion becomes^ 



will apply to both cesea. 

Fbop. 4 is a ver; important one, and is of very 
great use in eBtabluhing some of the fundamentiu 
propositions of Trigonometry. 




if tiiere he any number of equiangular triangles, 
jSAe Bides about the equal atigles are ^lofiiirtiQnBla, 
-Cef-ijBjflndC, be thettireettiigVeB-, eniftia a\4ss, 
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of the diflferent triangles be, respectively, a, h, c; 

a', y, d ; a", V, d', &c. ; then ^e proposition is, that — 
aihiia' :V ::a" : b", &o., 
a: c::a' : cf : : a" : </', &o., 

and h:c\:V \d '.:h" : d'. 

This may also be expressed, as — 



a 


a' 




o" 


h 


V 


"^ 


Y' 


a 


a' 




d' 


c 


" d 


■^ 


e" 


h 


V 




v 


c 


" d 


^^ 


V 



and 

Fbop. 5 is the converse of this, and establishes^ 
that if— 

a a' . a a! 
^ = _ and ^ = ^; 

then A = A', B = F, and = Cr. 

Profs. 6 and 7 establish the same theorem of 
equality between the relative parts of two iriangles 
upon a still narrower basis. Let -ABO ahc, and 
A'B'C a' 6V be two triangles; 

h h' 

then, if A = A', and — = -r J 

c c 

also, B = B', = C and — = 4". 

c c 

Again, if A = A' and -r- = ir* or — = — r > 

bo c c 

h h' 

thenalso,B=F,C = C,and— = -;-; 

c c 

that is, in either case the two triwaj^^sj^ ^)X.^ ^^ss^sjac^- 
gular. The one exception to "Ccv^ Na?oSsv '^Ss^ "^^^^ 
theorem is discussed m"Patt,Tl.,^Sto^*vKt"S5^ . 
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Fbop. 8 is a theorem that any right-angled tnang] 
is divided into two other right-angl^ trianglei 
similar to the first, if a line be drawn from the rigli 
angle perpendicular to the base. 




Let the sides opposite A, B, C, be, respectively 
a,b,c; aJso let B D = as and A'D = d, Then — 

Triangle ABC is similar to triangle ABD ant 
to ADC, 

and BC: AB: AC : : AC: AD:DC, 

: : AB: BD: AD; 

t. e., a : c :b : :b : d : a—x : : c:x : d. 

Props. 9 to 13 are Problems, and are not so im 
portant for our present purpose as the Theorems 
They are solved by means of the theorem that thre< 
parallel lines cut all lines crossing them in the sam< 
ratio. 

Prop. 14 is respecting equal and equiangula: 
parallelograms, showing that their sides are in re 
ciprocal proportion. 



A (7 B 




a 




d 




C d D 
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Let A B = a, A'F = a', and AO = 6, A'C = V 

Then, a:a' ::h' \h\ 

a a' J a V 
or, __ = _., and ^ = y. 

Fbop. 15 proves that what has just been proved 
for equal parallelograms is also true of equal trian- 
gles ; thus, if angle A be contained by sides B and G, 
and angle A' by sides F and C, then — 

a: a' mV :h. 

Props. 16 and 17 establish the truth, that when 
we have four lines in proportion, as above, then — 

ah = a' b', 
and if a = h; 

then, a' : a: ibilf, 

: laiV, 
and a' V = a". 

Fbop. IB is a problem to describe a figure of the 
same shape as another, and to place it in a given 
situation with respect to a given line. 

Fbop. 19 establishes what is the ratio between 
similar triangles. If a, h, c, and a', V, d, be the two 
similar triangles, and — 

a = m a'\ 

then the area of the one triangle is m' times that of 
the other ; thus, — 

if a = 2 a\ 

the area of one triangle = 4 times the area of the 

other; 

if a = 5 a', 

then one area = 25 times the other, &c. 

Fbop. 20 extends this theorerci ta %vcKisss.^^^sgs«sfc.« 
Pbop. 22. If tlieTe\>eio\«\\BR»,a,>>,^>^.^'^^^ 
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a:h:: c:d, and there be a triangle^ polygon, paral- 
lelogram, or any other rectilineal figure described on 
each of a and b, these figures shall be in the same 
ratio as any two similar figures, whether triangles, 
parallelograms, or polygons, described on c and d, 

Pbop. 23. If there be two equiangular parallelo- 
grams, A and A', contained, respectively, by sides 
a, h, and a', V ; then — 

area A : area A' : : ah : a' V, 

Fbofs. 24 and 26. If lines be drawn parallel to the 
sides of any parallelogram, and forming other paral- 
lelograms, all such psurallelograms are similar to each 
other and to the first. 

Fbop. 25. A problem to describe a rectilineal 
figure, of which the size and shape are both given. 

Pbops. 27, 28, and 29, are not very useful. 

Fbop. 80. Problem. Let there be a line a, it is 
required to find a point of division, so that— 

a : a—x : : a—x : x, 

Pbop. 31. If there be described on the sides a, h, c, 
of any right-angled triangle, three similar figures, 
A, B, C, tiben the figure on the side C opposite the 
right angle has an area equal to the two areas of the 
figures on the other sides ; i, e., 

C = A + B. 

This is an important extension of the 47th Prop, 
of Book I., in which the figures are squares. 

Pbop. 38 proves that angles in circles are propor- 
tional to the arcs on which they stand ; that is, if 
one arc be m times another, the angle on it is also m 
times the angle on the other. 

J^BOPB. B, C, and D, are theorems concerning the 
Jpectapgles contadned by lines and pot\iona oi '^'b^ 
Arming £gnres Tn'thin circles, and ever^ \smav^'a 
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may be considered as inscribed within a circle (for 
since a circle can be drawn through any three given 
points, one can always be drawn through the three 
angular points of a triangle). 
We saw, in Prop. 3, that in triangle ABO, 




D C 



if B D = sc, then — 

c : h : : X : a — X, 

Prop. B shows that — 

hc = x (a-a;)+(i«. (AD = rf). 

A 




Triangles AB D and A EG are equiangular; 
.-.BA: AD::EA: AC; 
.-.BA. AC = AD.EA, 

= AD(AD + DE), 
= AD« + AD.DE. 
= BD.DC + AD*; 
.•.BA.AC = BD.DC + AD»; 
1. e.yb c = x (a—x) -{■ d\ 

Prop. C. If the line d, instead of b^sa5«fea% ^&x^ 
angle A, be drawn perpeii^c\v\»x \o a,*0c^^s5^ — 
6 c = (i . diameter of cirde \ 
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A 




.-.BA: AD::EA: AC; 

t. €,,hc = 2dr, (r = radius). 

Peop. D. If there be a quadrilateral figure in- 
scribed in a circle, the rectangles of the two pairs of 
opposite sides equal the rectangle of the diagonals. 

If a,h, c,d he ia order, the four sides of the quad- 
rilateml, and m, n be the diagonals, then 

a c -\- h d = mn. 

Summing up these three Propositions, B, C, and 
D, we have the following : — 

If there be a line drawn from any angle of a 
triangle to the opposite side, then. 
If the line bisect the angle, 

be = X (a^ x) -{- d^; 

if the line be perpendicular to the side, 

be = d , diameter of circle ; 

if there be two triangles on the same chord of a 
circle, one in either segment, then, 

ac-\-bd = mn. 

Any of the properties of triangles thus proved 
may be used as means towards the solution of tri- 
angles, as may also any of the theorems of Geometry 
generally. Familiarity with these theorems will 
sometimes suggest a, ready means of solving problems 
^af appear difScult of solution by tbe ox^Vxvax^ 
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TEIGONOMETEY. 

CHAPTER I. 

In the Treatise on Geometry (Vol. I., p. 12), it was 
shown that of the six parts of a triaDgie (three sides 
and three angles), if any three be given, nie remain- 
ing three may generally be fonnd. Thus, if we 
know two sides and an angle of any triangle we may 
be said to know also the other angles and the re- 
maining side, and vice versd. 

Example, — In a right angle the base is 4 inches, 
and the hyjwthennse 5 inches. What is the per- 
pendicular ? 




Here A B=6, and B 0=4. Required the length 
of AC. 

By Euclid, I., 47. AB2=BC2+AC2; 
.-. AC2=AB2-BC2=25-16=9; 

Here, from knowing the length of two sides and 
the size of one angle, we are able to find the third 
side. Also from Euclid, I. 32, we know that the 
two angles A and B are together equal to a right 
angle ; but we are not able, froTo. ^vxiK^'ek ^^eirksl'^^^ ^ 
to find the exact size of eaciv. Mi^ft,>3iiO'v\35fi^'^^^^^^^'^ 
their sum to be 90°. 
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Examj^, — A rope reaches from the top of a tree 
30 feet high to the ^und at 40 feet distance from 
the tree. How long is the rope ? 




c 

Let A C represent the tree, A B the rope, then B C 
will be the 40 feet of gromid. 
By Euclid, I. 47, we know that — 

AB»=AC'» + BC2 

= 30^ + 402 = 2500. 
. • . A B = 60, and the rope is 50 feet long. 

Here, as before, we are not able to find the size of 
either angle A or angle B, though we know that 
together they amount to 90° ; i, e., are equal to a 
right angle. 

Example. — A ladder x feet long makes an angle 
of 45° when leaning against a wall. What angle 
does it make with the ground? 




B C 

Let A B be the ladder, B C the ground, and A C 
the wall. 

By Euclid, I. 32, the three angles. A, B, and C, 
equal together 180° ; and since C=90°, and A =45°, 

. • . B = 180° = (90° + 45°) = 45°. 
It follows from this that A and B are equal angles, 
and^ th&refoie, that AC = B C ; but though we 
Jknow that they are equal,.we cannot aa 'jekX. ^co^et 
tlielr actual length. 
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These three examples will illustrate both the 
general use and the practical insufficiency of simple 
geometry; will show, that while it enables us to 
establish general theorems respecting space and 
form, and concerning the relative values of lines and 
angles, it is too indefinite, too comprehensive, to do 
us much service in the computation of the values of 
actual lines and angles. 

Therefore it is necessary to found, upon these 
general principles of geometry, some system of 
practical calculation, by means of which we may 
solve problems respecting actual triangles, squares, 
circles, &c., and fina not only the genercd and relative^ 
but also the particular and specific, values of lines 
and angles. 

Such a system is Trigonometry, which may be 
described as a system of practical calculation, 
founded upon the general theorems of Greometry, 
by means of which we can apply these general 
truths to every-day use. 

This system is, however (as its name implies), a 
system applicable only to the calculation of lines 
and angles forming parts of triangles ; but since all 
figures (including even circles) may be considered 
as being made up of a number of triangles, this 
system is applicable much more generally than 
might at first be supposed. 

It must be carefully borne in mind, that there is 
no essential difference between Greometry and Tri- 
gonometry, that no rigid line of distinction can be 
drawn between them ; and it will help us very much 
in the comprehension of the spirit and value of the 
operations of Trigonometry if we try to get a clear 
idea of the relative positions of the three sciences of 
Greometry, Algebra, and Trigonometry. 

Geometry is the science of fot\xi, ^^^Ta» S^s^s^ 

science of number ; the one \a\ka oi cac\e»,^2c^a2Bs^«6>> 

squares, &c,, wittiout the lea&t coiajaJVewJcsss^ oJlSic^^s^- 
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size or extent, the other of numbers, as one, four, 
twenty, &c., without the least consideration of what 
the thmgs are ; the one science treats only of the 
shape of things, and the general truths connected 
with these forms ; the other only of their numbers, 
and the general truths connected with these num- 
bers. 

Trigonometry is a fusion of Geometry and Algebra, 
a science treating not only of general forms, but 
also of specific numbers; in which we consider a 
triangle not only as a figure of three sides, but as 
haying sides so many inches, feet, <&c., in length : 
in which we speak not only of one angle being 
greater than the other, but as being so many degrees 
and minutes greater. 

Thus we have, as the groundwork on which to 
build our practical science of Trigonometry, the 
general theorems of Geometry, and these we can 
apply to our particular figures by the aid of the 
methods of calculation established by Algebra. Not 
only this, but we extend our knowledge of the pro- 
perties of triangles by a more particular and minute 
study of this class of figures, and eventually we 
arrive at the power of applying to practical use the 
general theorem, that in every triangle the angles 
and sides are so interdependent tiiat if we know any 
three of the six we may be said to kn5w the others. 

But having done this, we must not imagine that we 
have exhausted Trigonometry : on the contrsury, so far 
from it being only sufficient for our practical wants, 
we find it, like all ether great truths, extending far 
beyond not only our needs but our understanding. 

To return to our first problem (page 21). 




tNTBB-RBLATIONS OF FABT8 OF ANOLBS. 
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We found that, A B being 5, and B C being 4^ 
AC was 3; but we were unable to calculate the 
exact Talne of the angles A and B, though we knew 
their sum to be 90°. 

This difficulty is solved by an application of the 
theorem of Euclid, YI. 4, which becomes one of the 
fundamental theorems of Trigonometry. It might 
at first be ^bought that there was some connection 
between the size of the angle B and the length of 
the opposite side A 0, but a moment's reflection will 
show this to be not the case. For if so, the angles 




B and C oaght to be equal, since A D belongs aa 
much to one as the other. Also, any number of 
lines A C, A' C, &c., might be drawn from AB to 
BD, parallel to AD, both nearer to, and &rther 
from, the angle B, and no two of equal length. 
Therefore it is at once eyident that there can be no 
constant ratio between any angle of a triangle and 
the opposite side. 




Also there can be no constant ratio between the 
angle and either of the sides containing it, as A B ox. 
BC, since the angle B Sa \3ti^ «KCMb ^sf^^S^^osst ss^s. 
trianglebe ABC,X:BCI,oTK"^Ci",^^' ^ 
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But though there is no interdependence heirr^^jj 
the magnitude of the angle B and the length of ^ c 
or of B C, though of any two we may increases oi 
decrease one without there being necessarily anj 
change in the other, yet we shall find that the ^Are^. 
magnitudes A C, B C, and the angle B are connecte(^ 
together so intimately, and so unalterably, that an^^ 
change in any one of the three is immediately fol ^^ 
lowea by a change in at least one of the others, auc^ 
by a change in the relation between these others. 
Thus, we cannot alter A to the length of A' C 
without either making the line B C shorter (as B C) 
or making the angle B smaller. Also, we cannot 
shorten BC without also either shortening AC or 
increasing the angle B. 

Therefore to shorten A C without altering B C is 
to decrease the angle at B ; to shoiien B C without 
altering AC is to increase the an^le at B; but if 
ixdh A C and B C be lengthened or shortened in the 
same ratio, the angle B remains imaltered. 

CouTersely, if we wish to increase the angle B, we 
may either increase A C, or decrease B 0; and if we 
wish to decrease the angle B, we may either decrease 
A C or increase B C. 

It is quite possible, however, to have the angle 
smaller, though A C and B C be both increased ; but 
it will be found in this case that B C is increased 
much more, in proportion to its own length, than 
A C ; also the angle may be larger, and A C and B C 
be both decreased, but BC will be found to be 
decreased more in proportion to its own length 
than AC. 

We may therefore sum up the connection between 
the angle B and the sides A C and B C, thus : — 

If A C remain the same, 
tAe angle B increases as B C dQCieasee, and 
^Ae angle B decreases as B C mcxoiBAfiA. 
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If B C remain the same, 
the angle B increasee as A C increases, and 
the angle B decreases as A decreases. 

If the angle B remain the same, 
A and B C increase or decrease together. 

From this we see that so long as AG and B are 
in the same ratio to each other, the angle B remains 
the same, and thns we arriye at the notion which is 
at the foundation of trigonometrical calcnlations, 
that the angles of a triangle depend, not upon the 
absolute length of the sides qf the triangle, hut upon 
their relative lengths, i,e,, upon the ratios existing 
between tJiem, 

Thns, in example 3 Q)age 22), the ladder makes 
an angle of 45^ with the wall and also with the 
ground. 




Therefore angle A = angle B, and A C = B 
(Euclid, I. 6), and from this we may conclude, that 
whenever the line A C is equal to tiie line B C, the 
angle at B will be 45°. Therefore, whenever the 
perpendicular and the base of a right angled triangle 
are equal, each of the remaining angles is an angle 
of 45° ; and it is evident that if A be greater than 
B C, the angle at B will be more than 45^ and if 
A C be less than B C, the angle at B will be less 
than 45° 

We may sum up the relation between the ratio 
of A C to B C and tiie angle B, thus : — 

A C 
If :^p = 1, \3asii«aJ^'ek ^^ = ^^ ' 
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A C 
If g-g 7 1, then angle at B 7 45**. 

A C 
If g-nZ 1, then angle at BZ 45^. 

But besides the ratio of A C to B 0, we find the 
ratio of A C to A B, i, e., of the perpendicular to the 
hypothenuse, to be inseparably connected with the 
magnitude of the angle at B. 

If AC = AB, then BO = 0, and the two angles 
B and C each = 90°, and the triangle becomes a 
straight line. Therefore, in every right angled 
triangle the perpendicular must be less than the 
hypothenuse, i.e. — 

-T-^ always less than 1. 




Let A B C be a triangle equiangular, and therefore 
the three angles A, B, and C, each = 60°. Draw A D 
from A perpendicular to B C, then (Euclid, 1. 10) 
BD =CD, and angle BAD = angle CAD, and 
therefore BAD and CAD each = 30°. 

Now AB3 = BD2 + AD8 (EucM, 1. 47.) 

also AB = 2BD; 

.-. AB:BD: AD:: V4: VI: ^3:12:1: V3, 

A D 

. • . the ratio of A D to A B is expressed by -— - , 

A B 

which = -jT-. 
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Therefore^ when, in a right angled triangle, the 
ratio of the perpendicular to the hypothennse is -5-, 

then the angle opposite the perpendicular is 60°. 

But we may consider B D as the perpendicular, 
and AD as the base, of the triangle BAD, and 
the angle opposite the perpendiculeor will then be 
BAD =30° and 

perpendicular Vl^l. 

hypothenuse "~ v^4 ~ 2 ' 

. * . when, in a right angled triangle, the ratio of the 

perpendicular to the hypothenuse = ^, the angle 

opposite the perpendicular is 30°. 

Collecting the results of these examples, we 
have:— 





If angle B=45°, then AC=BC, and g^ = 1. 
If angle B= 60°, then A V3 

IfangleB=30°,then 



AB 
AC 
AB 



2' 



These three examples will be enough to fix clearly 
in our minds the fact that, in a triangle, it is the 
ratio of the sides to ouc atiotlveT , wsi.^ ui>\. \A\«.A«t>^^^ ^N 
the sides, that detcrmincft \?aft mougmludA ^5 ^Civt o.tv.^S^. 



^^ 
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Example. — The perpendicular and base of a ri^^j^^ 
angled triangle are each 6 feet. Bequired the ilxdrd 
side and remaining angles. 




B C 

AC=BC=6. AlsoAB«=AC«+BO 

=36+36 = 72; 
.-. AB=V72=8-4:+. 

^....o=Ba...i-S.,...»..B.«-, 

B C 
and •.•BC=AC.-. x-Q=l •••angleA=45°. 

Example, — The hypothenuse of a right angled 
triangle is 8 feet, and the base is 4 feet. Eequired 
the perpendicular, and the remaining angles. 

A 




B 

BC 4 1 

AB ^ 8 ~ 2 • ' • *°^^® A=30°; (page 29.) 

.-.angle B = 180° -(90" +30°) =60°; 
Also A B2=A C?»+B C* . • . 64*=A 02+16 • 

.-. A 02=64-16=48, 
and AO = V^ =6*9 + . 

Ja these two easy examples, 'we see how , from know- 
josr three out of the six parts of a tnaQis^e,'^^ c»jdl 
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find the lemaming three. These examples are very 
simplei but they will serve to give us a clear idea of 
what is meant by the connection between the angles 
and ratios of a triangle. Thus the angle B, in the 
first example, was proved to be 45° ; not because A 
and B were each 6 feet, but because they were 
equal. The angle B would still be 45^ whatever the 
lengths of A C and B 0, so long as these lengths were 
equal So also, in the second example, the angle A 
was proved to be 80° ; not because A B was 8 feet, 
and B C 4 feet, but because A B was double of B C. 
If BC and AB had been 6 and 12, or 3 and 6, or 
5 and 10 feet, the angle A would still be 30^, and 
the angle B 60°. 

It is important to get this idea of ratio as dis- 
tinct from length firmlv and clearly into our minds ; 
because, with that idea before us, Trigonometry 
becomes an easy study ; but, without tlmt idea, it 
is an impossible one. 



CHAPTER n. 

Sine, Cosine, and Tangent. 

Thebb being three sides to a triangle, and each of 
these having a determinate ratio to each of the other, 
we have, in all, six ratios. 




Thus in the triangle ABC, we have the three 

a a Vi \i ^ a^^^_ 

sides, a, b, and c, asia \3aft T^\as» ^, -^> "v^'o"^^''^ "^ 



^ 
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Each of these ratios has in Tr^onometrya distmct 
name, and any one of the six, with one side, beixig 
giTen, is qnite sufficient to detennine tiie thiee ang^ 
and sides of a triangle having one a( its angles a 
right angle: and for the present we confine <na 
attention to light angled triangles, not becanas 
Trigonometry is in any sense confined to them, or 
applies in any especial way to them; bnt because, 
at first, the subject can be better understood by 
taking these alone into consideration. 




,„ . perpendictdar AC b , 

^« '»*'<' hypoth^uu = AB = c " **"^ '*« 
nne of angle B. 

By considering A G as the base, we haye— 

B C perpendicular a 

T^s = "I — "zn = - = sirie of anirle A. 

A B hypotheniMe c ^^ 

The hypoihenute A B remaining the same, whether 
the angle B be increased or diminished, the perpen- 
dicular A C varies with B. When B is very snmll A C 
is very small, and the two increase together, until, 

when B is 90°, A C=AB, and ^!?!^ T = ^j^ 

' hypotheniLse 

ofB = l. 

perpendicular , 

Therefore the ratio -r tt — mcsKaaR» ixwoi 

hypciiitnvixe, 
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to 1, and this is expressed, in Trigonometry, by 
saying — 

tin B varies from to 1. 



A 




B a C 



If 



B= 0°, then j= = 0. 



If B =80°, then j^ =2. (page 27.) 

If B=45^then|| = i 

If B=6a',then^ = ^. 

If B=9(P,then^ = l. 

If, therefore, the ratio of ^-~r be between 

hypothenttte 

and £, the angle B is less than 30° ; if between 

^ and -y^« the angle is between 80° and 45°; if 

1 a/3 

between -j^ and ^, the angle is between 46° and 

60°; if between ^ andl,\,\\eM^gi«kSA\»N*'^«ss^'^$^ 
and9(y. 
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We shall see hereafter that, by means of tabl.._ 
constructed for the purpose, we can find tiie exi^^^ 
angle corresponding to any given sine, and v-tcd 
versd. 

The Cosine, 




B a C 



We saw that the perpendicular A varied with 
the angle B, so long as the hypothenuse A B re- 
mained the same ; but also, the base B will be 
found to vary inversely with the angle B ; t. c, to 
increase as B decreases, and to decrease as B increases. 
Thus, when B is very small B C very nearly equals 
A B, and the larger the angle B becomes, the smaller 
is BC, until, when B=90°, BC=0. 

Therefore, since B C decreases as angle B increases, 

and A B remains the same, the ratio -7^ "^U also 

AB 

B P 
decrease as B increases, but this ratio, j-^, is called 

the cosine of angle B ; and thus in Trigonometry — 
Cos. B varies inversely with B. 

If B= 0°,then?^ = l. 

AB 



If 



B=30%then^ = ^. 
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If 



It 



B= 60°, then 



BC 
AB 



1 
2- 



B=90°,then2^ = 0. 



From this we see that if we have given us the 

BC 

value of x^ we are able at once to form an ap- 

proximate idea as to the magnitude of the angle B ; 
and by the use of the tables already spoken of, we 
can find exactly the angle corresponding to any 

given value of -j~r^, and vice versa. 

By comparing the different values of the sine and 
cosine, as the angle increases from 0° and 90°, we 
shall get a better idea of their interdependence. 



Magnitude 
of Angle. 


Value of Sine. 


Value of Cosine. 


0° 
30° 

46° 
60° 
90° 


AB " 

AC 1 
AB" 2 

AC 1 
AB" V2 

AC V3 
AB" 2 

AB ^ 


AB -^ 

BC V3 
AB" 2 

BC 1 

AB" V^ 

BC 1 
AB" 2 

AB ^ 

\ 



B6 BBLATIOMS OF BDHI AND COSINE. 

As the sine increases, the cosine decreases, and 
vice versa. The greatest yaliie of each is 1, and the 
least yalne is 0. If the sine and cosine be squared, 
the sum of the squares always = 1. 

This last property may be better understood by a 
reference to the 47th Prop, of Euclid, Book I. 




In a right angled triangle, the square of the 
hypothenuse A B equals the sum of the squares of 
A C and B C. This is equally true whether A C be 
equal to B C, or one be greater than the other. But 
if the hypothenuse continue the same, the perpen- 
dicular cannot be increased without the base being 
diminished, nor be decreased without the base be- 
coming greater. Whatever be the ratio of the base 
to the perpendicular, the sum of their squares still 
remains the same, equal to the square of the hypo- 
thenuse. 

Just so, regarding the perpendicular as represent- 
ing the sine, and the base as representing the cosine, 
the squares of sine and cosine are, together, always 
the same, whatever be the ratio between them ; since 
whatever alteration takes place in one, it is com- 
pensated for by a corresponding increase or decrease 
in the other. 

Thus A (P + B C« = A B« (EucUd, L 47.) 

AC> BC« AC» + B(7 AB2 



* • AB«"^ AB*"" AB? ~ AB2 

, • . sine^ + cosine^ =1. 



=1; 



N 
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ThiB gi'yes us an easy method of finding the sine 
of an angle &om the cosine^ or the cosine from the 
sine; for— 

sine = a/ 1 — cosine^, 
andalso^ 



oosme 



ine = /^/ 1 — sine*. 



The Taiigent. 

perpendietdar . 
But besides the two ratios, j,^^j„^^^ «id 

hose , , ^, X. perpendicular 
we have also the laho • 



hypothenus^ hue 




Thus g-fj is the tcmgmi of B, and -£q ^ *^® 
tcmgento^ K. 

When the angle B is 45^ then A C ~ B C, and 

A C 

^^-7i = 1 ; as the angle B increases (A B remaining 

the same), A becomes greater and B G less ; as 
the angle B decieaaeft, A.C \»iswcw^A^R«^ «s!^"^^ 
greater. ^ 
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... when B greater than 450 10 greater than 1. 

AC 
when B = 46° BO ~ ^• 

A C 
when B less than 45° .^^ less than 1. 



If 



BC 

AC 
B = 0°, then 5^=0. 



AC 1 
If B = 30°, then g-Q = -^• 

AC 
If B = 46°, then f^ = 1. 

K B = 60°, then g^ = ^3. 

If B = 90°,theng^ =00. 

This last is the symbol nsed to express infinity, 
or a magnitude witiiout limit. When B = 0, the 

perpendicular also =0, and the ratio ^-?\ = gn =0. 

But when the angle B is 90°, the perpendicular 
equal the hypothenuse, and tiie base becomes 0. 

AC AC 
Then ^-^ = -^, «. c, the ratio is that of a line to 

nothing, and. this ratio is infinite. This will be 
better understood by comparing wit\i it '^\^&t is said 
or the tangent on page 47. 
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Mag^tnde 
of Angle. 


Yalae of 
Bine. 


Yalne of 
Goone. 


Value of 
Tangent 


0° 





1 





dOP 


1 
2 


V3 
2 


1 
V3 


46° 


1 
V2 


1 
V2 


1 


60° 


V3 
2 


1 

2 , 


V3 


90° 


1 





00 



If these ratios be carefully examined, it will be 
noticed that, in every case, the value of the tangent 
is eqnal to the quotient of the sine divided by the 

sine 
cosine, i. e., that tangent = — : — . 

This may be proved generally, for— 

A 

6 




a c 



itness-, conne 
c 



nne 
cosine 



a 



a ^ h 

-, and tangent = - ; 
c a 

6 c b ^ 
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Therefore, of the three ratioB, sine, cosine, and 
tangent, from any two we can find the third, jnst as 
we saw (page 87^ that we could find the sine from 
the cosine, or the cosine from the sine. Thus — 

$ine ~ /\ / ^ + ^^osine* = tangent x cosine, 
cosine =^/l + ww€* =• 



sme 



tangent' 



. . sine 
tangent = . 

cosine 



Exa^m/ples, 
In the right-angled triangle, ABO. 

A 

b 




(1.) 6-7 and c = 14. Required a, A and B. 

(2.) 6=4 and a = 4. „ c, A and B. 

(3.) a =: 8 and c = 6. „ 6, A and B. 

(4.) h = 1-74 and a = 8. „ c, A and B. 

(6.) a =-- 8*48 and c = 4. „ 6, A and B. 

(6.) a = 8-48 and c = 400. „ 6, A and B. 

(7.) A ladder 14'1 feet long made an angle of 45° 
with the side of a house. Eequircd the remaining 
angle and sides of the triangle so formed. 

(8.) A string 20 feet long, tied to the top of a 
^ree, reached the ground at 10 feet from the root. 
Required the remaining side and a3ig\e» oi t\ifi tri- 
^o^Je formed by the tree, string, and gtcwiiA, 
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(9.) A boat crofisi^ a stream 100 yards wide, 
made an angle of 80^ with the direct ronte. Be- 
qnired the triangle formed by the lines of route and 
uie opposite baxLE. 
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The ReUxtwns between the Batios. 

The twie of 80° is 5. 

a/8 
The oMine of 80° is ^. 

The cosme of 60° is ^. 

a/8 
The ime of 80° is ^. 

.-. aww of 80° = cowwe of 60^; 
also come of 80° = sine of GOP, 

Likewise sine of 45° = -jn = cosine of 46". 

But 80° + 60° = 90°, also 46° + 46° = 90°. 

From these we may infer that, generally, the sine 
of any angle = cosine of the complement of the 
angle; t. e., that the «me of one oeu^e angle of aright- 
angled triangle = the conne of the other, and vice 
versd. 

That this is troe may be proved thns — 



A 

A 



^ ^ ^^ 
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A B C 

The sine of B is -r^, and the cosine is . 

AB AB 

The co«n€ of A is -7-^, and the sine is -t-^=. 

AB AB 

, • . sine of A = cosine (90°— A) ; 

and cosine of A = sine (90°— A). 

Jnst as the sine of A is called the cosine of B, and 

the sine of B is called the cosine of A, so the tangent 

of A is called the cotangent of B^ and Hoq tangent of 

B is called the cotangent of A. 

Sine cosbnc 

Also, just as tangent = — r- , so cotangent = — : — . 

We saw that the sine and cosine were connected 
by the equation sintr + cosine* = 1, and that one 
could always be found from the other by means of 
this equation. 

So the tangent and cotangent are connected by 

the equation tangent = — r, or tangent x co- 
tangent = 1 ; from which also cotangent = • . 

zangefi * 

But besides the four ratios already mentioned, 
AC BC AC BC 
namely "r^> X^' ^Rp' ^"^^ aT" ^® have the two 

A B ^ -^ ^ hypothenuse hypotJientise 

AC B C* perpendicular base 

A B A B 

The ratio ;^-p ^ called the secant of B, while -r-p 

is the secant of A. Speaking generally, the ratio 

Pi^pothenuse , 

— -^ m the secant of the base acute angle of 

-a mht-angled triangle. 
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Just as in the case of the sine and cosine, the 
secant of B is the cosecant of A^ and the secant of A 
is the cosecant of B. 

A 




B C 

The six ratios may be grouped together thus : — 



I 



5 



bo 

i 



sine = - = cosine 
c 

a 
cosine = - = sine 
c 

tangent = - ^ cotangent 
a 

cotangent = r = tangent 



secant = - =: cosine 
a 

cosecant = - = sine 





I 



8 
-3) 



It will be seen also, that — 

1 

sine = 



tangent = 



secant = 



cosecant' 
1 

cotangent' 
1 

cosine' 



costne = 



cotangent = 



cosecant = 



1 . 

secant ' 

1 ■ 

tangent * 
1 

- • 



We have seen that the stwe may be expressed in 
the terms of the cosine, that the tangent may be 



Sine 



written as — r— , and that the secant may be written 



cosme 



costne 



u 



EXAMPLES. 



Wo can now consider this more folly, az^^ a j^^ 
consideration will enable US to express any t?na 
in the terms of any other. 

It will be more convenient^ however, in 

formolsd to use the ordinary contracted forms t^ttlu 
names, which are — 



dn for sine. 
tan for tangent 
sec for secant. 



coi for cosine. 
coian for cotangent. 
coiec for cosecant. 



From the fundamental formula — 

«tw' + cos^ = l, 

we may obtain a complete set of formnlss, thns~(8ee 
page 45). 

Each vertical colnnm ^ves the respective valnes 
of the six ratios, expressed in the terms of one, while 
each horizontal colnnm gives the various expres- 
sions for the value of one ratio. This table gives 
the value of each of the six ratios in terms of each of 
the others. This is of very great pmctiodl utUUy in 
proving propositions, and in calcmations respecting 
the sides and angles of triangles. 



Sine 

Cosine 

Tangent 

Sine 

Cosecant 

Cotangent 

Secant 

Sine 

Cosine 

Tangent 

Secant 

CoBecant 



Examples, 

i 
I 



i 

i 



JL 

4 



6 J 



)■ 



Find the values of the 
remaining ratios. 



These negative ratios are given to «^<svx&\«ai'Oaa 



EsPBmaioira fob batios. 



1 


" 


+ 


i 

+ 




h 

> 


"h 


" 


1 


1 


+ 


+ 
> 


1 
^ + 

> 


1 

+ 


- 


-ll 


7 
s 
-> 


i 


-> 


-IS 


- 


1* 

s 


" 


7 

> 


s 

1 


! 

1 


- "l 

> 


- 


-|§ 


i 
1 

> 


5 


7 


I 


Hi 


- 


1 


i| 


- 


J 

> 


1 


- 


-|-S 


T 
> 


'S 


■= 


■1 
1 

> 


I'' 


'S 




1 


j 


I 


1 


1 


\ 
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mind to ihem, and to give fGudlity in calcnlatiw 
them^ as well as the positiyo yalnes. The ntiliiy oi 
this will be shown hereafter. Meantime there need 
be no difficulty in working them. 



OHAPTEB IV. 




LxT two straight lines A M and A N make any angle, 
as MAN. 

Pake any point, B, in A M, and draw B perpan- 
dicolar to AN. 

From A as centre, with radius A B describe a 
circle, of which ly B D will be a quadrant, D' A 
being drawn perpendicular to A N. 

Through D draw D E, a tangent to the circle. 

If necessary, produce A M to cut D E, and draw 
B C and FE' parallel to AN. 



Then— 

B C is the sine 
D E is the tangent 
A E is the secant 



j. 



angle a. 



Sere we speak of the sine, tangent, viid seoan^^ not 
as raeios, hut as linex. 
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It will be seen that the sine B C increases from 
to the length of the radius of the circle, as the angle 
A increases firom 0° to 90° : that the ton^en^ increases 
&om to 00 : and that the secant increases from 
length of radius to oo . 

^ese &ctB are precisely the same as have been 
already proved for the rcUios (page 39), tiiough 
apparently somewhat different 

Bnt the lengths of the lines BO, D E, and AE, 
depend entirely npon the distance of B from A 
If we take B nearer to A we shall make the sine, 
tangent, and secant, less in length ; and if we take it 
fiurtiier from A we make them longer. Therefore, 
we can hare a sine, tangent, or secant, of any length 
we please, whateyer be the angle A. 

Bat if we consider, not the abeolnte length of 
these lines, bat their ratio to the radius of the circle, 
we shall find this ratio to be the same whatever be 
the distance of B from A 

We shall also find the valaes of these ratios 
to be identical with those already given (page 
39). 

Thos, reckoning the radios as 1 (whether it be 
1 inch, 1 foot, 1 yard, &qX we shall have, as the 
angle increases from (T to 90° ; 

B G = sine of A, increases from to 1, 
DE = tangent, increases from to oo, 
AE = secant, increases from 1 to oo ; 

which valaes are identical with those on page 39. 

Bat the atili^ of these sines, tangents, and 
secants, is depenoent apon a knowledge of the 
length of the radios A B ; i, e,, it is no ose to 
know the length of B C, D E, or A E, onleea ^^ 
also know what distanoe 'ft Sa ixsoi K^<b ^js^sg^^ss. 
point A, 
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But— 
B : A B : : sine* : radius = sine t of A ; 
D E : A D : : tangent* : radius : : B C : A C = tangent^ 

and — 

AE : A D : : secant* : radius : : AB : AG == secant.^ 

BO BO 

From this we get the three ratios -r-^, j-p, and 

AB 

v-p, which we use, in modem Tngonometry, instead 

of the lines D E^ B 0, and A E divided respectiyely 
by the radius; and which have the advantage of 
being quite independent of the length of A B. 




If we take the angle (90° — a), marked p, we may 
consider A ly the base, and then B O becomes the 
sine, D' E the tangent, and A E' the secant of this 
angle. This angle, p, is the complement, or co- 
angle, of a, and the sine, tangent, and secant of it 
become, respectively, the cosine, cotangent, and cose- 
cant of a. 

Also the sine, tangent, and secant of angle a are 
respectively the cosine, cotangent, and cosecamt of 
angle /3. 

But, as we have seen, we must have either the 
length of the radius A B, or the ratio of the sine, 
^afi^mi, or secant to the radius. 

* Meauing the lines so c«2i\edu 
f Meaning the ratios so ceWeA.. 
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Then BC : AB :: AC : AB; rorAC=BC. 

BC' 

i, e,, sine of /3 = --— = cosine of a. 

AB 

Also iyE':Aiy::BCr:Aa; 

B C 

t. €,, tangent of p = -— - = cotangent of a. 

A(J 

Also AE':Aiy::AB:ACr 

A B 

». e., seca/nt of /3 = __ = cosecant of a. 

These facts may be summed up thus : — 

BO = sine | Equal, respectively, to 

D E = to/ngent > of angle a, cosine, cotangent, ana co- 
A E = seca/nt ) secant of angle j8. 

B C = «me I Equal, respectively, to 

lyE' = ta/ngentl of angle jS. cosme, cotangent, and co- 
A E' = secoT)^ j «ecan^ of angle a. 

Since the length of these lines depends entirely 
upon the distance of B from A, we cannot, from 
merely knowing this length, find anything concern- 
ing the magnitude of the angles a or jS ; but if we 
know also the length of the radius, we have suffi- 
cient data to enable us to find the magnitude of both 
angles. 

Then we have — 
BO 



,. = sine 
raattcs 

DE , 

— 7: — = tangent 
radius 

AE 

— -7— = 8cca/nt 
radius 



of angle a. 



\ 
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RATIOS AND 00-BATI06. 



Also — 



Bcr 

raditts 

radius 

AK 

raditui 



= 8tne 



= tangent 



secant 



of angle p. 




From these, remembering that AD = AB = AD' 
(all being radii of the circle), and that the triangles 
A B C, A D E, A B C, and A ]/ E', are all equiangular, 
and therefore their sides proportional (Euclid, YI.), 
we get the convenient formulae : — 

1 . . 1 

= cosine p = ]r5. 

cosec a ^ secant p 

1 . . 1 

= sine p = ^. 

'^ cosec p 

1 



Sine a 



Cosine a = 



Secant a = 



Cosecant a = 



Tanffenf a = 



BO 


AB 


AO 


AB 


AB 


AO 


AB 


BO 


BO 



secant a 

1 

cosine a 

1 

sine a 



A C cotan a 



= cosec p = 



= secant p = 



= cotainp = 



sine p * 

1 
cosine p' 

1 

tau^ ' 



EXAMPLB8. 
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^. . -A.0 1 , ^ 1 

Cotangent a = -=r|=- = ^^^ ^ = ton p = 



ton. a 



cetan P' 



Chord a = 



BD 



AD* 

CD 
Versed sine a = . ^ = 1 — eosme « = 1 — sin fi. 

These two last ratios, the chord and versed sine, are 
less used than the others, but are occasionally very 
useful. 

Exam^pies. 




(1.) AB = 4, AE = 6, B0 = 1. 

FindAC, AD, andDE. 

(2.) A B = 6, C D = 1. 

Find AC, BE, BC, and D E. 

(3.) A = D C. 

AB , BO 
Find the value of j-g, and of gj^. 

(4) Find the magnitude of angle p when B C = 
DE. 

(5.) Find the magnitudes of a and $ when D" E' 
= DE. 

(6.) Find the magnitude of angle ABC when 
AK=2AD'. 

(7.)AB=BD. Prove 13 = 30°, 

(8.) A B = 5, riuai kC, k^,m^^^.^ ^ -'^ 
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CHAPTER V. 
Of thb Ratios of Angles gbeatkb than 90°. 



Mn^^^ 




[C 


n^ 


cN 


' 


X 


>i 


o\ 


■» 


A i N 



Thebb is no reason why the angles a and fi may not 
be greater than 90°, *.e., be obtuse angles. If so, will 
the definitions we have found true for acute angles 
remain true? or, shall we have to extend our defini- 
tions as we extend the angles? We shall find that 
our definitions remain true ; but we shall find it 
necessary to haye a more comprehensive view of boiii 
angles and ratios. 

If we draw an obtuse angle, MAN, and proceed to 
draw sine, tangent, and secant, our first difficulty 
will be, that we cannot draw B C perpendicular to 
A N. Therefore, we must extend our idea of a per- 
pendicular to a given line to include the case where 
it is necessary to make the given line longer. If we 
produce the line N A beyond A, we can then draw 
B G perpendicular to it, and this will be the sine of the 
angle a. The perpendicular, D E, will be the tangent, 
and the line, A E, the secant. These lines wiU be 

BC 

represented, as before, by the ratios ^-r = ame, 

BO ^AB 

p-7 = tcmgentf and r-^ = secant 

There are now two points to consider : 

2st That the sine, tangent, and secant of an angle 
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increafle with the angle as it increases from to 90°; 
bat tiiat, as the angle increcues from 90° to 180°^ the 
Bine, tangent, and secant decrease in magnitode. 

Sbid. That the sine, tangent, and secant of an 
angle greater than 9C^, are precisely the same as 
those of the wppUment of that angle, f.e., the sine, 
tawant, and secant of a = those of fi, which is 
(180°— a). By a is meant the angle MAN. 

As to the fint point: 

We see that the sine increases from to 1, as the 
angle increases from to 90°, and then decreases 
from 1 to again. 

The tangent increases from to oo, and then de- 
creases from DC to again. 

The secant increases from 1 to oo, and then de- 
creases from 00 to 1 again. 

Therefore, the sino, tangent, and secant of 0° are 
the same as those of 180° ; and this is to be expected, 
sinoe an angle of 0° and one of 180°, are equal in 
one respect, i.e., they are both represented by a 
straight line. 

In the same way, and for the same reason, the 
cosine decreases from 1 to 0,and then increases from 
to 1 ; the cotangent decreases from oo to 0, and 
then increases from to oo; and the cosecant de- 
creases from 00 to 1, and then increases from 1 to oo. 

A C 

These are represented by the ratios j-j. = cosine, 

AC , AB 

=-p = cotangent, and ^-p = cosecant 

As to the second point, the equality of the ratios 
belongmg to two different angles : 

Since we ratios of a and of (180°^ a) are precisely 
of the same magnitade, it may be asked, now can 
we tell which is meant? The answer requires a 
knowledge of the use of the minus sign in Algebraic 
Geomeixy, which, if not already possessed, may be 

F 2 
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obtained from a perusal of the chapters on that sub- 
ject in the treatisiB on Euclid, vol. IL page 173. 

The distance A C, when measured to the right of 
A, is positive ; but when measured to the left of A 
is called negative and is expressed by ^A C. 

In the first quadrant (i.e., when ihe angle is less 
than 90^, all the lines and ratios are positive ; but 
in tibe second quadrant (when the angle is between 
90° and 180°), the line A C is - A 0, and this affects 
every ratio into which that quantity enters, i.e., all 
but the sine and cosecant. 

Thus, in the second quadrant, — 



BC BC 

sine = 5:B=+AB 

BC BC 

*«^^=irio="AC 

AB AB 

secant = 



-AC AO 

AB~ AB 

-AC AC 

BO" BC 

AB . AB 

cosec = = + 

BC BC 



cosine = 



cotang = 



-AC" AC 

We have now somewhat extended our notions of 
the ratios of Trigonometry; but we must extend 
still further, not only our ideas of the magnitudes 
and signs of the ratios, but of the magnitudes of the 
angles themselves. G^ius, we have already spoken 
of angles of 0° and of 180°, both represented by 
straight lines, and neither of which is, in the ordinary 
sense of the word, an angle at alL 

We must now consider angles greater them 180°, 
i.e , greater than two right angles. 




Thus we speak of angle B A C, as being an obtuse 
angle—greater than 90°, but less than 180°; but we 
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mturti now consider the second cmgle formed by the 
same lines, t.e., the angle 0, also written B A 0, but 
greater than 180°. 




Onr definitions will still hold good. Taking anv 
point B, in A M, and describing the circle wim 
radius A B round A as a centre, we haye, as before: 

BO 

B = sine expressed by the ratio t-^ 

BO 
D E = tangent „ „ „ j-g 

AB 

AE = secant „ „ „ j^; 

also — 

BO = cosine expressed by the ratio j-j. 

AO 

ly E' = cotang „ „ „ ^ 

AB 

A E' = cosecant 



»» ** » 



BC 



Onr angle now extends oyer the first, second, and 
part of the third quadrants, t.e., the line AM is in 
file third quadrant, counting from A N. The magni- 
tude of all the ratios are precisely the same as if the 
angle were 180° less than it is, t.e., the ratios of the 
angle MAN are the same in magnitude as the ratios 
of the angle DAM. Therefore, we may ext^od our 



\ 



'■ 
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theorem of page 58, by saying that all ratios of angle 
o= ratios of 180°+ a = all ratios of 180°— a, which 
may be written, ratios of a = ratios of 180° db a. 

But, though the rnagnUudes are the same, there 
will be found some difiference in the signs, just as we 
found some difference between the signs of ratios in 
the first and second quadrant respectively. 

In the second quadrant, AC was found to be 
— AC, because measured to the lefb of A. In like 
manner B C, which is positive when measured up- 
wards from the line on which A stands, is negative 
when below that line. 

Therefore : 

sine = B C represented 1 



tt 



t> 9i 



tangent = D E „ 

secant = A E 

also, — 
cosine = B C represented by 

cotang = D'E' „ 

cosecant = A'E „ 



» 



tt 



-BC 


BC 


AB" 


AB 


-BC 
-AC" 


BC 

+ AC 


AB 


AB 


-AC" 


AC 


-AC 


AC 


AB" 


AB 


-AC 
-BC" 


AC 
^BC 


AB 


AB 


-BC" 


BC 



Therefore, in the third quadrant, all the ratios 

are — , except the tangent and cotangent. 

Notice thal^ in the third quadrant, every ratio has 

I at least one minus sign, but that the tangent and co- 

\ tangent haye each ttvo, and this gives a positive 

value to the ratios. 
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Filially, onr angle may be greater than 270° but 
less than 360°, i.e:, the line A M may be in the fourth 
quadrant. 

The definitions will still hold good, but the magni- 




tudes will be the same as if the angles were 270° less 
than they are, and the signs will be still different : 

-BO BO 

sine = B roDresented b 



tangent = D E 



secant = A E 



if 



99 



99 



99 



also, — 
cosine = B C represented by 



cotang = FE' 



cosecant = A'E 



99 



99 



99 



99 



AB" 


AB 


-BO 


BO 


AO" 


AC 


AB 
AC" 


AB 

"•"AC 


AO 
AB" 


AO 
+ AB 


AC 
-BO" 


AO 
BC 


AB 


AB 


-BO" 


BC 



Therefore, in the fourth quadrant, tho ratios are 
all — , except the secant and cosine. 

The radius A B is alvoays considered positive. 



S8 rnxKABT 07 OEASfiES or nQN. 

These chflngea of iigna may be Btunmarized thixt 



— 


1 


J 


1 


1 


} 


1 


1st qiiBdrrmt, angleti , 
between 0°&9ff=(i "•" 


+ 


+ 


^1* 


+ 


2nd „ „ 90°* 180° + 


+ 


- 


-i-l- 


3rd „ „ 180° & 270° - 


- 


- 


- 1 + + 


4th „ „270°&360° - 


- 


+ 


F-|- 





dP 


^ 


liXP 


1!(F 


aw 


5.-™. .... 





1 





-1 





Tang^i . . . 





oo 





00 





Secant .... 


1 I 00 


-1 


» 


1 


Cosine . . . 


1 1 


-1 





1 


Cotangent . . 


=0 ! 


., 





» 


Cosecant . . . 




« 


-1 


" 
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passes through oo or 0. Also, that the magnitudes 
of the ratios have fixed limits. 

Thus: 

sine . . . ) always between 1 and — 1^ 
cosine . . f t. e., never greater than 1, 

secant . . ) always between 1 and oo , 
cosecant. , ) i. e., never less than 1, 

^^,;}maybeanyir>a«mtude. 

We saw that the ratios of 0° and those of 180° were 
eqnal in magnitude ; so also are those of (f and 860°. 
In fEtct, these may be considered identical, since the 
lines A M and A N coincide. 

We might now extend our notions of an angle still 
further, and consider angles of greater magnitude 
than 360° ; but the ratios of any such angle are iden- 
tical, both in sign and magnitude, with those of 360° 
less, i.e., ratios of any angle 360°+ a = ratios of a in 
both magnitude and sign. Therefore, we need not 
discuss mese larger angles here, though it is impor- 
tant to remember that, in Trigonomeky, there is no 
limit to the magnitude of angles. 

Examjoies, 
B ^ C 

(1.) Ifa=3, &=— 4. Find the values of A and B. 

(2.)Ifa = -3,& = -.4. „ 

1 a/3 

(3.) The sine of an angle is «, the cosine — -n~ ' 

Find magnitude of angle and values of re- 
maining ratios. 



60 SOLUTION OF TBIAKOLSS. 

(4.) Secant = 2, tangent = — ^3. 

Find the other ratios and the magnitude of 
the angle. 

(5.) The cotangent = — 2 cosine. 

Find the other ratios and the angle. 

X/.V ,«, . tangent 

(6.) The sme = — « — . 

Find the other ratios and the angla 



CHAPTER VI. 
Solution of Triangles. 



Wb have already (page 30) seen how it is possible 
to find the remaining parts of a triangle when tiliree 
of the six parts are given. We can now discuss 
more fully this subject, to which the name of ' Solu- 
tion of Triangles ' is generally given. 

We may use, in the course of our solutions, any of 
the facts or formulsB we have already proved, and 
there are some others, of very considerable use, which 
we will now consider. 

Theorem, — Any two sides of any triangle are in the 
same ratio to each other as the sines of the angles 
respectively opposed to them, i.e. : — 

iA, B, C, express the respec- 
tive angles, and a, b, c, tiie 
sides respectively opposite 
to them ; d is .the perpen- 
dicular from A on the base. 
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For - = smA .\d = csinA, 
c 

alsOj ^ sz smO .\d = a miO, 
a 

,' , c sin A = asinO, 

sin A a 

• a^_^^— ^ ^-> — • 

smG c 

It should be borne in mind that this is no^ the 

A a 

same as tt = -. 
c 

sin A u - sinB h 

Likewise, . x> = ht and . ^ = -• 
' «m B 0' sen 



a« + J« — c^ 

S'^eorem. — Cos c = — a — r — , 

2 ah ' 

[ j8 + c2_oS a" + c« — 5»\ 

C also, eosa = jt-t and cos & = — s /. 

\ 2 oc 2 ac / 

For <^ = a« + 69-2a.OD (Eucl.,n.l3), 

(«°5..„o...o.=..«.a) 

.•.c? = a3 + &« — 2a.&.co8 0, 
. • . 2 a 6 co« = a" + 6« - c», 

and co8 0= — s — r — • 

2ao 

We are now in a posiiion to solve some simple 
cases of triangles. 

Example.— b = 12 feet, a = 6 feet, and B = 90^. 

Beqnired the yalues of A, 0, and c 

hiai'.sin 90° : m» A ; 

r .hsin A = a ,9in 90° (jdn 90° - 1), 

G 






JS 



!)■ 



.n-v j,M^t elf; 

. = 6." (rff. 6n4^ 



'' ^ 9Cr, ft" 



XlBO> 



in* 



= "1^1 



■.1' = 



IWtbIo'""' 
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Example.-'A = 90°, B = 30°, and a = 4 feei 
Beqnired the values of C, b, and c. 
= 180° - (90° + 30°) = 60°; 

also a:h::l:^, 

.-.ft = 4 X 2= 2; 

and a : c : : 1 : -g- , 

.•.c = 4x^ = 2V3 = 3-46+, 

. • . A = 90°, B = 30°, and C = 60° ; 
also a = 4 feet, h = 2 feet, and c = 8*46 feet. 

Example. — a = 5 feet, 5 = 5 feet, and = 90^, 
a : h : : sin A : sin B; 
bnt a = h ,\ A = B, and each = 45° ; 

.',c = ~ =5V2 = 7-05+. 

72 
Therefore A = 45°, B = 45°, and C = 90°; 
also a = 5 feet, h = 6 feet, and c = 7 *05 feei 

These four examples are simple, but at the same 
time general; «.e., mey show the general method of 
procedure, with ike exception of the last one, which 
IS special, inasmuch as two of the angles are equal. 
The general treatment of the problem of solving a 
triflmgle of which two sides and the included angle 
are given, will be found at page 105. It requires 
more special icnowledge than we have yet attained. 
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Examples, 




Righirongled triangles. 
(1.) c = 4, & = 2- Find a, A, and B. 
(2.) a = 17-4, c = 20. Find h, A, and R 
(3.) 6 = 2, c = V8- ^Pmd a, A, and B. 



CHAPTER Yn. 

BATfos OF Compound Akoles. 

It is sometimes necessary to express the sine, tan- 
gent, &c., of an angle, in ihe terms of the sines, tan- 
gents, &c., of other angles. Thus the angle of 45° 
may be considered not only as 45°, bnt as (30°+ 15°), 
(25°+20°),&c., and also as (60°-15°), (90°-45°), 
&c. 

Suppose we want to express the sine of 60° in 
terms of 30° and 90° (for 60° = 90° - 30°) we shaU 
find that it is possible to do so, and that the formnla 
will be — 

sin 90°. cos 30°- cos 90°.sm30°; 

t. e., the product of cos 90° and sin 30° snbtracted 
from the product of sin 90° and cos 30P will leayo 
«i»60°. 
Substituting the values, we haye— 
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«tn 60° = 1 X ^ - X ^, 

2 "' 

a/3 
= -s-, which is the Talne of sin 60°. 

To take another instance : — 

90° = 150° - 60°. 

If we wish to express sin 90° in terms of sin and 
cos of 150° and 60°, we have as before — 
sin 90P = sin 150° ,cos&f-cos 150° . sin 60^, 



_ /I 1\ / V3 V3\ 
-\2-2/""\"" 2 • 2 /' 



1 3 

-4 + 4, 

= 1, which is the sine of 90°. 
Also 60° = 150° - 90°, and 
sin GOP = sin 150° . cos 90° - sm 90° . cos 150^, 

-g.«)-('-f). 

= -o", which is the sine of 60°. 

But, also 90° = 60° + 30°, 150° = 90° + 60°, &c.; 
i.e., we may require to express one angle as the sum 
of two others. Then we snaQ find the formula — 

stTi 150° = sin 90°. cos 60° + sin 60°. cos 90°, 
i.e., we take the sum of the products instead of their 
difference. 
For example : — 

o2 
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sm 15(f =sm9(f.co86(P + 8in&P.co8^ 

= 2> which is the sme of 150°. 

Also— 
«m9(r = wn6(r.co880° + «w»8(y*.co«60°, 

-2*2 "^2-3' 

3 1 

-4 + 4, 

= 1^ which is the sine of 9(f • 




B'BD 



Let A B be any angle, and A A any oth 
angle ; then the whole angle A' B is the sum ai tj 
other two. 



Now, 



Also, 



Lastly, 



A B = «m 
OB = cos 
DE = tern 
OE = 8ec 

A'F= sin 
OF = cos 
AG = tan 
0Q= sec 

A'lBf = sin 
0F = cos 
DE' = tan 
0¥' = sec 



of angle a. 



of angle /3. 



of angle a + 0. 



BATI08 OF COMPOUND ANGLES. 67 

Then our theorem is that — 

A'F = AB.OF + A'F.OB; 

also that — 

AB = A'F.OF-.A'F.OB; 

and that — 

A'F= A'F.OB-AB.OF. 

Bat the proof of this is by analytical geometry, and 
thoTigh qnite complete, is somewhat difficult to 
follow with our present knowledge. Still it was the 
only proof ayailftble until the use of the ratios to 
represent the lines afforded the means of a much 
neater one, which, though not more complete, is 
much more easily understood. 

Now let, as before, A B be any angle, and A' A 
be any other angle. Then A' B will be the whole 
angle which is the sum of the other two. 

Then— 




p Q 



M N drawn perpendicular to A is the sine of angle 
/3, NQ drawn from N peipendicular to OB is Sie 
sine of angle a, and M P drawn firom M perpendi- 
cular to B is the sine of angle (a + /3). And these 
are represented by — 

NQ MN , MP 

Qjjf = «w a, g^ = sm p, and ^^ = (wVia + P)* 

* Notice that the sinet of a and B can be made to meet at N, and 
those of fi and (a+ /3) meet at M. This is a great convenience, and Is 
gained by the subetitntion of the ratios for the lines. Compare the 
clearness and neatness of the Ugaxe now given with the complication 
and obecnrlty «f the previoos figure. 
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OQ 
Also, -^-\^ = cosine of o, 

NO . ^^ 

g^ = COWWC of ft 

OP 
and j=-T? = cosine of (a + /3). 

The line MP = ME + EP,andBP = NQ; 
.•.MP = MB + NQ. 0) 

Also the angle at M = the angle a. 
For ZRNO = ZNOQ; •.• RNparaUel toO( 
ZMNO = 90°. 

AlfloZMNR+ZNMB = 90°. •.•Kis90 

.-. Z MNO = Z MNR + Z NMR 
.•.ZNMR = 90P-ZMNR= ZRNO = a. 
. * . Z N M B = a, and the sin, &c., of each are equa 

r^ , NB . ^,„^ 

Therefore tt^ = otw N M B = stn a. (2) 

MB 
and =rj™ = cos N M B = cos a. (3) 

These facts being premised, we come to the pro< 
of our theoreuL 

To express son, ike, of(a + p) in terms of the Ratia 

of a and of p. 

^, MP MB + NQ ^ „, 

^-(«+» = 0M=— 0M~-- ^y(^> 

MB NQ 
- OM"'"OM' 
^ , MB ^ .^^ MB MN 
But oM°'*y^'^*^''MNOM' 



and 



• . «m (a + 0) = 



GOSINB OF (a + &). 

NQ , .^ NQ ON 

^maybewntteng^.^; 

MP ME+NQ 
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OM" OM 
NQ MB 

OM"^OM' 
NQ ON MB 



MN 



" ONOM^MNOM' 
= 8ina.co8p-^co8a.8inP\ -p^ .„v o ,qx 
= 8ina.co8p-{-co8a.8inPf ^JW<X{0). 
We may also express cos (a + i3) in this manner. 

, ^^ OP OQ-PQ 
rorcQs(a + g) = g^= OM ' 

OQPQ OQBN 
""OM OM^OM OM' 

•.•PQ = BN. 
_0Q ON__BN MN 

"ON • OM MN • OM' 

= COS a , cos P — sin a , sin j3, 
= cos a , cos fi ^ sin a . sin /3. 

We know now how to express the sine and cosine 
of the sum of two angles, and in the same manner 
we can find expressions for the sin and cosine of the 
difference of two angles. But the figure we used for 
the sum is not the most convenient to explain the 
difference, which is best shown by the following : — 
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This is precisely the same figuie as before, changing 
what requires to be changed. The smaller angle 
A' B is the resulting angle now, and the line A' 
may be supposed to have graduidly approached the 
line A 0, and after coinciding with it to have con- 
tinued towards BO. During this change, B will 
gradually approach N, xuitil, when A'O coincides 
with A 0, BN = O. B will then become gradually 
greater, on the other side of N Q, as A' approaches 
OB. MN also becomes first less and then greater. 
ONM still being the right angle, but on the other 
side of A 0. Or we may imagine the former A' O A 
of the figure folded over on the line N. 

Then Z A'OB = what is left of Z AOB when 
A A' is taken from it ; i, e,, angle a = AO B, angle 
P = A'O A, and A'OB = angle (a - p). 

NQ MN MP 

"^ " ^ ON' **^ ^ ^ OM' **^ (« " ^) = OM* 

cos a = ^, cos ^ = ^g, cos (a- © = g^. 

As before, the angle B M N = a, because Q N B and 
M N are each 90 , and, taking away M N Q, 

.•.ONQ = BN.M. 

ButONQ + QON = 90°,aIsoBNM + BMN = 
90°, and taking away ONQ and BNM, which are 
eqiial, 

.•.BMN = NOQ = a. 

NB 

• * . iFlCr = «*w NM B = sin a, 

NM 

and -j^r^ = cos NMB = cos a. 

Now we come to the proof of the formulsB for the 
sine and cosine of (a — j3) in terms of sin and eos of 
a and^. 
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. , «v MP RP-RM 

NQ-RM ^^^ ^^ 

= OM - •.•NQ = RP. 

NQ RM 
~OM""OM* 

T^4. NQ , .^ NQ ON 
But — maybewntten^j^.^. 



and 



RM RM MN 



OM " " MN'OM* 

' t ^R\ _NQON RM MN 

atn(a P) " ON'OM MNOM' 



Also, cos (a — i8) = 



= sin a ,co8 fi ^cos a , sin ^, 
OP OQ+QP 



OM" 


OM 


f 




OQ 
OM"^ 


QP 

OM' 


BtitQP = 


NB. 


OQ ON 


NR 


MN 





= cosa.cos/3 + Mna.8Uij3. 

These four may be collected thus : — 

sin (a + P) =: sin a , cos p -^ cos a . sin p. 

sin (a — P) = sin a , cos P — cos a . sin p, 
cos (a + P) = cos a . cos p ^ sin a . sin p, 
cosfa — P) = cos a .cos p + sin a . sin p. 

Notice, that the sign in the expreesion for the sine 
is + for (a + /3), and — for (a — /3); but is the re- 
verse for the cosine, — for (a + /3) and + for (a — ^V 
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Examples, 

(1.) Find the values for the sine and cosine of 
120° in the terms of the ratios of 90° and 30°. 

(2.) Find the above also in terms of 60° and 60°, 
and of 180° and 60°. 

(3.} Find the ratios of 90° in terms of 46° and 46°. 

(4.) Find the sine, cosine, and secant of 60°, in 
terms of 90° and 30°. 

(6.) Express the sine, secant, and tangent of 270°, 
in terms of 180° and 90^. 

(6.) Express the cosine and tangent of 180° in 
terms of 90° and 90^. 



CHAPTER Vin. 

Measubement by Degbsbs, Gbades, eto. 

It is proved in Euclid, Book L, Prop. 13, that the 
two angles formed by any one straight line meeting 
another are together equal to two right angles. It 
was also shown (Euclid, YoL L page ), that all the 
angles formed by any number of lines meeting at 
one point are, together, equal to four right angles. 




Consequently, the angles formed at the centre of a 
circle, by any number of radii, are always equal to 
four right angles. 
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The total mcignitiide of these angles so fonned at 
the centre of a circle, whatever be their number, is 
fixed and unalterable. But we may measure tiiis 
fixed magnitude by any smaller magnitude of the 
same kind that we please. 

The English divide this space into four quarters, 
esuch one being a right angle, and, further, divide 
each right angle, or quadrant, into ninety equal parts. 
To each of these parts is given the name of degree, 
expressed by °, so that 14° means 14 degrees, just as 
£14 means 14 sovereigns, or lid. means 14 pence. 

The French divide their right angle, or quadrant, 
into one hundred equal parts, and call each of these 
a grade. 

The difference between the two systems may be 
shown thus : — 



English. 

1 right angle = 90 degrees 
1 degree = 60 minutes 
1 minute = 60 seconds 

Which may be written, 

1 right angle =90^ 
P =60' 

r =6a' 



French, 

1 right ang, = 100 grades 
1 grade = 100 minutes 
1 minute = 100 seconds 

Which may be written, 

1 right angle = lOOsi 
19 = 100' 

1' = 100^* 



The English method is convenient, and the French 
method inconvenient, to English mathematicians, 
because all their immense mass of astronomical and 
similar calculations are recorded in that manner ; and 
in France, the French method is equally convenient, 
and the English method inconvenient, for a similar 
reason. The French method has, however, the 
advantage of being adapted to the decimal method 
of arithmetic, which the English is not. 

An English degree is greater than a French grade 
In the ratio of 10 to 9 ; i. e., 10 gradis = 9 degrees. 

An Engh'sh minu^te is greater than a French minute 
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in the ratio of 10,000 to 6400; i.e., 10,000 French 
minutes = 5400 English minutes, or lOD French 
minutes = 54 Engliah mintUes. 

An English second is greater than a French 
minute in the ratio of 1,000,000 to 324,000, or of 
1000 to 324; i.e., 1000 French seconds = 324 Eng- 
lish seconds. 

Therefore^ any calculation made in one of these 

methods may be readily expressed in the other, 

10 9 

since x degrees = -q^ x grades, and x grades = Tq ''^ 

degrees. If there be any odd minutes or seconds, the 
simplest method is to conyert them into decimals of 
a degree or grade. 

Examples. 

(1.) Express 14*741 grades in degrees, minutes, 
<&c. 

(2.^ Conyert 14° 14' 14" into grades, minutes, &c. 

(3.) In a right-angled triangle, one of the acute 
angles is half of the other. Express the measure- 
ment of the three angles in the French and also in 
the English method. 

^4.) Find the ratio between 67° 14' and 77« 14'. 

^5.^ Eeduce 101« into degrees, &c. 

,6.) Eeduce 84° into grades, &c. 



CHAPTER IX. 

GlBOULAB MeASUBEMENT OF ANGLES. 

If we have an angle, A B 0, of such magnitude that 
the chord AC equals the radius AB or BC, we 
shall find the triangle A B to be equilateral, and 
therefore 60° is the angle subtended by a chord 
equal to the radius. 
But the arc A C is somewhat greater than the 
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chord A C, and six such triangles as A B will 
exactly fill the circle (of which the centre is B, and 




the radios A B), with the exception of the six spaces 
between the chords and the circumference. 

Since each chord is equal to the radius, therefore 
the six chords are equal to thrice the diameter of the 
circle. But since each arc is greater than ite chord, 
therefore the whole circumference is greater than 
thrice the diameter. Also, the angle subtended by 
an arc equal to the radius is less than 60°. 

By actual calculation the ratio of the circum- 
ference to the diameter is found to be 3 •14159+ ; 
i.e., the circumference is 3 '14159+ times the dia- 
meter. 

Also the angle that subtends an arc equal in 
length to the radius is found to be 57*2957°+. 

The first of these is an unalterable quantily ; i. e., 
in every circle the circumference is 3*14159 the dia- 
meter (or 6*28318+ times the radius), whatever be 
the system of calculation. 

The second of these varies with the method of 
calculation ; i, e., if the circle be divided into 36(F, 
then the angle spoken of is 57*2957 + °; but if, as 
in the French method, the circle is divided into 

400 grades, then the given angle is ^ x 57*2957+« 

«/ 

= 63 • 691 + K. But though the method of expression 

varies, the fact itself is unalterable ; i, e., the fact that 

the angle subtended by an arc equal to the radius is 

not quite, but very nearly, two-thirds of a right 

angle. 
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These two expressions, 57 • 2957 + ° and 3 • 14159 + , 
occur very frequently in Trigonometrical calcula- 
tions, and it is found convenient to express them by 
shorter symbols. 

57*2957+° is expressed by «, the long o of the 

Greek alphabet. 
3 '14159 + is expressed by tt, the p of the Greek 

alphabet. 

These two expressions are both constant, and 
have also a constant ratio to each other. 

For, arc of angle <a° = radius, 
also, circumference = n . diameter, 

= 2 TT radius, 
= 2 TT . arc of fi>° ; 

.-. fi>°x27r = 360°, 
t.c., 57-2957° X 3*14159 = 180°. 

From this we get that — 

180 

TT = , 

180° 



and a> 



o 



IT 



Therefore, the circumference subtends an angle 
(360°) 2 TT times as great as 57-2957+°, and there- 
fore the angle at the centre of a circle, i, e., four 
right angles, is 2 tt times o>°. 

Therefore .^ - i?! - i-l!?L*.^iil 
inereiore, « - ^^ " half 3 -14159 +' 

_ W _ 2 right augles 
" TT " 3-14159+ ' 
_ 360° 4 right angles 
~ 27r " 2x3-14159+ • 

We have from this another means of measuring 
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angles, distinct from the measmement by degrees. 
We may say, now, of any angle, either that it is so 
many degrees, or such a fraction (proper or im- 
proper) of ». 

This w may be considered as so many degrees, in 
which case IJhe two methods of expression become 
the same, or it may be regarded as simply the par- 
ticular angle subtended by an arc equal to the 
radius, in which case they are different 

Eocamples, 

(1.) Express an angle of 36° ICX as a fraction of »**. 

(2.) In a right-angled triangle, one of the acute 
angles is f of the other. Express the respective 
magnitude of the three angles. 

1. In the French method, grades, &c. 

2. In the English method, degrees, &c. 

3. As fractions of «°. 



o 



(3.) Express -j in grades, and also in degrees. 

(4.) In a circle of 8*47 radius, find the ratio of an 
arc of 4 '27 to the circumference. 



CHAPTEE X. 

Actual Values of Ratios. 

The calculations necessary to find the actual values 
of sides and angles are frequently very long, and 
though not necessarily difficult, generally tedious. 

One of the earliest metho<^ of shortening these 
was to calculate the actual length of the sine and 
other lines belonging to angles between 0° and 9CP. 

Thus it was found that the sine of 30° is always 
^ or *5 of the radius, that the angle whose sine is i 

h2 
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or *25 of the radius is between 14° and 15°, and that 
the sine which is f or *75 of the radius is between 
48'' and 49°. The exact length, to 7 places of 
decimals, of the sine and cosine for e^very degree 
and minute from 1' to 90° was calculated, and the 
whole series collected into a table, thus : — 



Degrees. 


Length of Sine. 


1 
Degrees. 


Length of Sine. 


o / 


1 
2 
3 
4 


•0000000 
•0002909 
•0005818 
•0008727 
•0011636 


o / 

30 

36 52 
36 63 


•6 

•5999549 
•6001876 


6 44 
5 45 


•0998986 
•1001881 


44 25 
44 26 


•6998711 
•7000789 


11 32 
11 33 


•1999380 
•2002230 


63 7 
63 8 


•7998593 
•8000338 


17 27 
17 28 

23 34 
23 35 


•2998734 
•3001509 

•3998158 
•4000825 


64 9 
64 10 

90 


•8999386 
•9000654 

1 



Here we have enough of the table extracted to 
show us that the sine increases about -^ (one tenth) 
of the radius for every six degrees. But as the angle 
increases from 44° to 90° the sine increases much 
more slowly, taking 9° to increase from '7 to '8, 
11° to increase from ^8 to '9, and 26° to increase 
from '9 to 1. 

The values are expressed to 7 places of decimals. 
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not because there are no more, but because^ speak- 
ing generally, this is sufficiently accurate : aliso to 
ayoid any difficulty arising from decimal calcula- 
tions, both the sine and radius are multiplied by 
10,000,000; i. e., the radius is considered to be 
divided into ten million equal parts, and the given 
sine is expressed by saying how many of these parts 
it equals. 

But this table will also give us, very readily, the 
value of the cosine of any angle. We have seen 
(page 42) that the cosine of any angle m? = the 
sine of (90°— m°). Therefore we shall find that the 
same table which, read downwards, gives the lengths 
of the sines, will, read upwards, give the lengths of 
the cosines. 



Degrees. 


Sines. 


Degrees. 


o / 




o / 


544 
545 


•0998986 
•1001881 


84 16 
84 15 


11 32 
11 33 


•1999380 
•2002230 


78 28 
78 27 


17 27 
17 28 


•2998734 
•3001509 


72 33 
72 32 


23 34 
23 35 


•3998158 
•4000825 


66 26 
66 25 


80 


•5 

Cosines. 


60 



Thus we see that the sine of 30° and the cosine of 
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60° are alike '5; the sine of 17'' 27' and the ooBine 

of 72° 33' are alike -2998734, &c. 

The tangents of all angles from 0° to 90° cannot 

be given in tables in this way, because they increase 

from to 00 ; t, e,, from nothing to infinity. But we 

do not so much need a table of tangents, since the 

equation — 

sine 

— ■ — = tangent, 
cosine 

will always enable us to find the tangent with ease 
and accuracy. 

sine 

Thus the tangent of 0° = — :— = -7- =0, 

cosine 1 

sine 1 

the tangent of 90° = — :— = -7^ = 00 , 

cosine 

^v, * * ^QAo «*»^« 6000000 .-^ 

the tangent of 30° = ^^ = ^gg^=-57+; 

i. 6., rather more than half the radius. 

Also, since cotangent = , secant = r— * 

tangent cosine 

and cosecant = —. — , we can very readily find the 

sine 

cotangent, secant, or cosecant of any angle. 

Thus— 

i? ^Ao 1 cos 5000000 

COtan of 60° = -— = -r- =^ 6aanciKA = "^7 +» 

tan sm 86o0254 

secant of 45° = — = rrfYrir:at = '^^ +* 

cos 7071068 

and — 

COSeC of 40° = -T- = aAivrurra = '^^ +• 

Sine 6427876 
So that we see that from the table of actual values 
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of the sine from 0° to 90° we get, by invertmg it, 
the yalues of the cosine, and also the Yalnes of the 
tangent, cotangent, secant, and cosecant. 

But ihiB calculation of the values of the sine, &c., 
did not aid veiy much in the actual working of 
trigonometrical calculations. The sines, &c., being 
expressed by seven figures, and the sides also re- 
quiring many figures to express their yalues cor- 
rectly, the multiplication and division of these were 
still long and tedious operations, until the use of 
logarithms made them shorter and easier. 

In Algebra it is proved that — 

and n'^av = a^.y. 

Upon these two theorems has been constructed a 
system of ready and accurate calculation of problems 
in multiplication and division, which is also appli- 
cable in extracting roots and fbiding powers of large 
numbers, and is therefore especially valuable in tn- 
gonometrical calculation. This system, called the 
system of Logarithms, is described in the next 
chapter. 

L'xamplcs, 

(1.) The length of the sine is '3784. Give an 
approximate value for the angle. 

(2.) In a right angle the perpendicular is i of the 
hypothenuse. Find the approximate values of the 
two acute angles. 

(3.) The base of a right-angled triangle is ^ of the 
hypothenuse. Find approximate values for the 
angles. 

(4.) One acute angle of a right-angled triangle is 
23«> 34', and the hypothenuse is 49*4. Find the 
other angle, and approximate values of the other 
sides. 
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CHAPTEB XI. 

Logarithms. 

Tbigonometby is built up on the twofold basis of 
Geometry and Algebra. Geometry is a pure science, 
the science of Space ; Algebra is a pure science, the 
science of Numbear. Trigonometry is also a pure 
science, and may be cidled the science of Batio. We 
saw, in talking of the Sixth Book of Euclid, that 
Eatio is more neatiy and comprehensively expressed 
by Algebra than by Greometry. And so Mgono- 
metry, which may be regarded as an extension of 
this Sixth Book, is compounded of the two sciences, 
each helping the other. 

By a pure science is meant a science of general 
truths only. Thus, Algebra is a pure science; 
Arithmetic an applied science, m + m = 2m is 
Algebra; 4 + 4=8, or 3 + 3 = 6, is Arithmetic. 
The one is a general statement ; the other the applica- 
tion of the general statement to a particular case. 

When we prove the general truths of Trigono- 
metry, as the relations between the sides and angles, 
we are dealing with pure science ; when we use the 
truths thus established for the purpose of finding 
the exact size of any particular angle, or the length 
of any given line, we use it as an applied science. 

In this application we have very frequently to 
make very long and complicated calculations. In 
Algebra we find that an immense gain in time and 
accuracy is derived from the use, whenever possible, 
of the Binomial Theorem. Just in the same way, 
the use of Logarithms shortens very materially long 
calculations in Multiplication and Division. 

The theory of Logarithms belongs to pure mathe- 
matics, and may be considered as a branch of 
advanced Algebra; but the subject requires to be 



LOGARITHMS. 83 

discnssed, at more or less length, in a treatise on 
Trigonometry, in order that we may thoroughly un- 
derstand the method of use. 

K we take the equation — 

a* = m, 

we have a formula which expresses that some 
number a when raised to the of th power = m. 
We shall find that as a increases, m increases with 
it ; also, as x increases, so m increases. 

Also, if we know a and x, we know m ; if we know 
a and m we can find x ; generally, if we have any 
two of the three given, we can find the third. 

The calculations of the successive values of x, in 
the different equations arising from 10* = m, as m 
gradually increases, are very long and intricate ; but 
being once made, the values can be registered, and 
are thus known by simple reference. 

The result, practically, is the same as if all possibly 
required sums in multiplication and division were 
worked out and the answers registered. The use of 
Logarithms is, however, a much more scientific 
system than any such registration of actual opera- 
tions. 

The practical utility of Logarithms consists in 
considering every possible nwrrJber as a power of 10 ; 
that is, in the equation — 

putting a = 10, and then finding the value of x for 
every successive value of m. Thus — 

10* = 10. 

Here x =\\ therefore, whenever m is more than 
10, X is more than 1, and whenever m is less than 10, 
X is less than 1. 

10« = 100. 
Therefore, when m is greater than 100, x is greater 
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than 2 ; and, if m is less than 100 bnt greater than 
10; then X is less than 2 but greater than 1. 

Also, 10* = 1000, 10* = 10,000, &c. : so that we 
know at once between what two whole numbers the 
value of x lies. 

The values of a; in the equation, 

10* = m, 

being calculated for the successive whole numbers, 
beginning at 1, we get a table of Logarithms; thus, 

if 10* = 1, 

then X = 0; 

if 10* = 2, 

then aj= -3010300 

if 10* = 3, 

then x= -4771213 

if 10* = 4, 

then X = -6020600 

if 10* = 5, 

then X = -6989700. 

Thus, the value of a; is seen to gradually approach 
1 until — 

10* = 10, 

then a; = 1. 

In the logarithms from to 10, the increase in 
the value of x is comparatively rapid ; but in pass- 
ing from 10 to 100, we shall find fiie increase much 
more gradual, since there will be ninety different 
values of x before we come to — 

10' = 100, 
when x = 2. 

Thus, 10* = 11 ; 

.-.a; =1-0413927. 
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10' = 12; 
.-.a; =1-0791812. 

10'= 13; 
.-.a; =1-1189434. 

10' =64; 
.-.a? =1-7323938. 

10' = 79; 
.-.a; = 1-8976271. 

10'= 99; 
.-.a; = 1-9956352. 

From these we see, that the value of x when 10', 
equals any number between 10 and 100, passes 
gradually from 1 to 2, being the whole number 1 
with a decimal, generally carried to the seventh 
place. 

As 10' increases from 100 to 1000, that is, as a; 
increases from 2 to 3, we find the changes in the 
value of X much more slow, there being nine him- 
dred values between 2 and 3. 

Thus, 10' =101; 

.-.aj = 2-0043214. 

10' =102; 
.-.a; = 2-0086002. 

10' = 103 ; 
.-.a; =20128372. 

10' = 304; 
.-.a? = 2-4828736. 

10' = 739; 
.-.a; = 2-8686444. 

10^=999; 
.-.a; = 2-9995655, 
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Between 10* = 1000 and 10* = 10,000, that is, 
between x = S and x = 4t there are nine thousand 
changes of value for x, beginning with — 

10' = 1001 ; 
.-.a; = 3-0004341, 

and ending with — 

10* =9999; 
.-.a; = 3-9999957, 

and between a; = 4 and x = b there are ninety thot^ 
sand changes. 

As to the practical advantage of using logarithms^ 
it will be best shown by a few examples. 

Example, — ^Find the product of 473 by 859. 

Now, 10* = 473, 

and 10*' = 859; 

they, by algebra, 

10«+«' = 473x859. 

Therefore we find, by inspection, the logarithms of 
473 and 859, and, by adding them together, find the 
logarithm of their product. Thus, — 

log 473 = 2-6748611, 
= 2-9339932; 



. • . log 473 + 859 = 6-6088543. 

And this number 5-6088543 is the logarithm or 
406307. Therefore we say, that the product of 473 
and 859 is 406307, and this we find without any 
Jabour of multiplication. 
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Again, roquiied the product of 1741 and 8341. 

log 1741 = 3-2407988, 
log 8341 = 3-9212181; 



. - . log 1741 X 8341 = 7-1620169, 
and 7-1620169 is the log of 14521681 ; 
.-.1741x8341=14621681. 
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PAET n. 

Iktboduotiok. 

Wb have now acquired some familiari^ with the 
technical terms of Trigonometry^ and with tiie na- 
ture of the science. This will, it is hoped, enable 
us to commence a more scientific and concise study 
of the whole subject 

We are supposed to be fiamiliar with the chief 
theorems of Geometry, to be able to solve readily 
both simple and quadratic Equations, and especially 
to have a thorough and fiimiliar knowledge of what 
is meant by Batio. 

The chief aim in Fart I. was to get a clear notion 
of the nature and use of Trigonometry. The object 
in Part II. is to prove, mathematically, the truth 
of its theorems, and to give a concise view of the 
elements of the science. 



CHAPTEK I. 
Modes of Measubino Angles. 




If any two lines A and B meet at 0, they form at 0, 
the point of meeting, an angle. 

If with as centre, and with any radius, M, a 
circle be described, the portion of the circumference 
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inclnded between the two lines A and B yaries 
ndth the magnitude of the angle. 

If A B be a right angle^ MN is one qnarter of 
the circumfeience. 

If A B be two right angles, MN is half the cir- 
<niniferenoe. 

If therefore we know the valne of ^^r^= 

M N 

we know the magnitude of the angle, and vice versd. 
The length of the radius M is quite immaterial, 
since the greater the radius, the greater the circum- 
ference. Whatever number of circles be described 

... ^ i. xu r^ X- circumference . ., 
with as centre, the fraction r^-^rr is the 

MN 

same for all. 

is the centre of the circle. 

Q ig^ [ are radii of the circle. 

M N is an arc of the circle. 

For convenience of practical expression, the cir- 
cumference of every circle is divided into 360 equal 
portions, and each such portion is called a degree. 

▼* liiT -KT circumference ... .j . i. 

If M N = HT^TT , it IS said to be an arc 

ooU 

of one d^ree, which is expressed thus, P. 
The angle M N, which (when M N = 1°) is 

= \jon — * ^ ^^^ to be an angle of 1°. 

»« ^ 4 right angles circumference ,o 
Therefore -^^ = ^ = P. 

SO that if we know the ratio of any angle to 4 right 
angles, we also know the ratio of the subtending arc 
to the circumference, and vice versd. But the actual 
magnitude of an angle of m° is always the same, 
while that of an arc of m° varies with tiie radius. 

i2 
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MAutm or 



Let B A C be aoj sngje^ 
I>eKEibe,as hekge,wi&. 



eentie A and ndioB B^ 




CD 



tfaedicIeofwliichlXBDisiiiare; abo, 
draw B C perpendicnlar to A D, 

„ BC „ „ Aiy, 

„ BE, the tangent to the drde at D, 
M lyiT, t» n M ly, and 

prodnce AB to meet D£ in £ and IXiT in IT. 
Then— 

BD istheofv 

BC „ sine 

D E „ tangent 

A E „ secant 

BC=AC„ cosine 

1/ E' „ cotangent 

A £' „ cosecant 

Alao— 

BAG 18 the angle 

sine 
tangent 
secant 
cosine 
cotangent 
cosecant 



of ihBangleBAC = a. 



\ 



99 

99 



99 



99 



99 



of the arc B D. 



BC 
DE 
AE 

BCr=AC „ 

D'E' 

AE, 

Therefore we may speak of the sine, secant, and 
tangent of angle a as being the sine, secant, and tan^- 
gent of the arc B D. In fact, we may, at any time, 
snbstitxite angle a for arc B D, or arc B D for a. 

But in every case the length of the radius A B is 
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supposed to be known^ and the sine, tangent, &o,, 
are compared with it ; so that^ in fact^ we have — 

BO 



AB 
DE 
AB 
AE 
AB 
BC 
AB 
ITE^ 
AB 
AE' 
AB 



AC 
AB 



s sine 
= tangent 
= secant 
= cosine 
= cotangent 
= cosecant 



of angle a, 

or 
of arc B D. 



And by similar triangles^ we have — 
BC 



AB 
BC 
AC 
AB 
AC 
AC 
AB 
AC 
BC 
AB 
¥C 



= sine 



tangent 
secant 



= cosine 



= cotangent 



= cosecant 



of angle a, 

or 
ofarcBB. 



We spoke, in Part I. (page 52), of these latter 
ratios as representing the former. It was thought 
that this phraseology might be useful at that ele- 
mentary stage ; but it wil 1 now be seen that the two 
sets of ratios are identical^ but that the latter is the 
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more conyenient mode of expression, inasmncbfe. 
it requires only the three lines A B, B 0, and C A.. 

The angle ^ = 90° — a, is called the compUftne^, 
of a. In same way a is the complement of p. 

In all cases the sine, tangent, and secant of an angU 
are the cosine, cotangent, and cosecant of its compld 
ment, and vice versd. 






A CD 


Theorem, 


sin * * + cos 2 = 1. 


For 


BC« + AC« = AB2 




B0« + AC2 
* * AB2 "■ ' 




BC* AC3 
• * AB2 ^ AB» - ' 




.*. sin^ + cos^ = 1. 



In same way we have — 

sec^ ^ tan ^ = 1 ; 

.*. sec^ = 1 + tanK 
And also, cosec '^ — co< * = 1 ; 

. • . cofiec * = 1 + co^ '. 

From these, as fundamental relations between the 
ratios, we are able to express any ratio in terms o\ 
any other. A complete table of the expressions ic 
given in Part L (page 46). 

We have already seen that, for practical calcnla- 

* By sin^ is meant the square of the fraction repieaeni- 
log tlie ratio. 
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UoDB, angles are measnred by degrees^ each degree 
4 right angles 

^ 360 

Each degree is farther divided into 60 equal parts^ 
called minutes. 

Each minute is again subdiyided into 60 equal 
parts^ called seconds. 

The three marks^ ^^ ', and "» are used to express 
these three divisions; thns^ 40° 14/ 26". 

We may also use^ and frequently with advantage^ 
a decimal mode of expression. Thus, we may write 
the above, 40° 14-416' + , or as 40-2402°+. 

In French works on Trigonometry we find in use 
another division of the circumference, or of 4 right 
angles, which has the advantage of being at once 
expressed in decimals. 

The 4 right angles are divided into 400 eq^ual 
grades (each one being the 100th part of one right 
angle), each grade into 100 minutes, and each minute 
into 100 seconds. These are written 41« 12" 13^ 
which may be written as 41 * 1213^ , or as '411213 of 
a right angle. 

It has already been shown (page 59), that all that 
has been said is equally true, whatever be the mag- 
nitude of the angle (or the arc), whether greater or 
less than any number of right angles. 

Also (page 64), not only can we express any one 
ratio in terms of any other, but we may express the 
ratios of one angle in terms of the ratios of others, 
as the ratiosof 60° in termsof 40° and 20°, 90°-30°, 
30°+30°, &c.,&c. 

Lastly, it has been seen (page 60), that simple 
cases of right-angled triangles are easily solved and 
calculated ; but l£at more general problems required 
more fiuniliarity with the inter-relations of the ratios. 

The next chapter shows how to find some of these 
inter-relations, and how to express in the most con- 
venient form. 
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CHAPTER n. 

FaOTS and FoBMUIiiB. 

Wb have seen that it is possible to find the sides and 
angles of a triangle if we have given us three out of 
the six. We saw (page 21) that in simple cases this 
conld be done by simple G^metry and Algebra ; then 
(page 60), that more difficult cases oonld be solyed, 
still without much trouble^ by means of the simple 
ratios of Trigonometry, but aJso we have seen that 
any but the simpler cases require a more complete 
and familiar knowledge of the science. 

In this chapter we will collect the more important 
of the Facts and Formulas which we find useful in 
the solution of triangles. In this respect it wiU re- 
semble a book of Euclid's Elements, being a collec- 
tion of distinct theorems, each one being proved by 
means of some one or more of those that precede it. 

To express the ratios of 2 Kin terms of A. 
Sin 2 A = 2 stTi A cos A. 

For «m ( A + B) = OT» A cos B + cos A wn B ; 
then, if A = B, 

sin 2 A = sin A cos A + cos A sin A, 
= 2 sin A cos A. 



Cos 2 A = cos *A — stw 'A. 

For cos (A + B) = cos A cos B — stTi A swi B ; 
then, if A = B, 

cos 2 A = cos ^A — sin 'A. 



(7os2A = 2 cos ^A-l. 

For, cos 2 A = cos *A — sin *A, 
and sm 2 = 1 — cos ' ; 
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. • . COS 2 A = COS ^A — sin ^A, 

= cos -A — (1 — cos 'A), 
= 2 cos 2A - 1. 



(7o8 2A = l-2sm»A. 

For cos 2 A = cos ^A — sin ^A, 

= 1 — sin ^A — sin 'A, 
= 1-2 sin 2A. 

Therefore cos 2 A = cos 'A — sin *A, 

= 2 cos 2A - 1, 
= 1-2 sin 2A. 



ran2A= 2jtonA ^ 
1 — tan * A 

For tan (A + B) = /^^ -^ + ^^^ ?-, 
^ "^ 1 - tow A tan B' 

and^ if A = B ; 

.'.ton2A= fa^A + tonA 
1 — tow A tan A 
2 ton A 



1 - tan 2A* 



Cosecant 2 A = 



2 siw A cos A' 
For sm 2 A = 2 stn A cos A ; 

.'.cosec = ^ . ... 

^ S2W A COS A 



Sec 2 A = — ^-i—, 

COS -^A — stn *A 

For cos 2 A = cos ^ A — sin 'A ; 
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. ' . sec ^ A = s-j ; 5-J-, 

COS *A — WW *A 



1 
l-2«in«A' 



2 ton A 

Forto«2A= 2to!L4r; 

1 — tan ^A 

2 tan A 



By writdng A for 2 A^ and it A for A^ we get, from 
ihe above^ 

Sin A = 2 sin it A cos ^ A, 
cos A = co«"iA — sm^iA, 
= 2co«aiA-l, 
= l-2«tn«iA, 

*/•- A 2 ten i A 
tow A = , — ^j-j-j., 

1 — ton'i A 

cosecA = a . . . r-^, 

2 s»n it A cos i A 

sec A — 



cos^iA — wn^iA' 
^ ^ ^ 1 - <cm « > A 
2 ton i A 



To express the ratios of A in terms of 2 A, 
Sin A = Vi(l-co«2A> 
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For sin 2 A = 2 sin A cos A, 

= 1 — 2 8i7i *A ; 
. • . 2 »m 'A = 1 — cos 2 A ; 



r, sin A = /^ i (l — cos^ A). 



Cos A = V i (1 + COS 2 A). 
For cos 2 A = cos ^A — sin ^A, 

= 2 cos "A — 1 ; 
.•.2co8 2A = 1 + cos 2A; 



.'.cosA = Vi(l + cos2 A). 



Taw A = A /l:if2?2A, 
V 1 + cos 2 A 

For sm A = V i (1 — cos 2 A), 

and cos A = j^ ^ Q. -^ cos 2 A), 

sin A . 



also tanA=: 



cos A* 



Vi(l + co8 2A)' 



// l-cos2A \ 
" V l^l + cos2A/' 



From the above, we have also, 
Cosec A = 



V'i(l-co8 2Ay 

A 1 

''''^" V^ (l+cos2A7 
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It will be noticed that all the ratios of A are ex- 
pressed in terms of cos 2 A. It is, however, some- 
times desirable to have an expression in terms of 
sin 2 A. 

^. ^ V (I 4- 8in2A) + V (1 - OTn 2 A) 
otn A = o * 

For— 
(sin A ± cos A)* = sin *A + cos 'A + 2 sin A cos A, 

= 1 + sm 2 A. 

(since (a; + y)" = a;" + y" + 2 a;y, 

stw " + cos * = 1, 

and sin 2 A = 2 sin A cos A). 

In same way (sin A — cos A)' = 1 — stw 2 A ; 

. • . 2 sm A = V ( 1 + «*^ 2 A) + V ( 1 - stn 2 A), 

and2cos A = V (1 + 8»>* 2A) - V (1 - «*» 2 A). 
From this, as above, 

. , V (l+sm 2 A ) + V (1-sm 2 A) 
sin A = o * 

and cosA = ^C^-^^^"^-^^)-^(^-^"^^) 

Tan A - V (l + «^^ 2 A ) +V ( 1-stn 2 A) 
- V(1+«*^2A) -v^ (1-sm 2 A)* 

Also, 

. 2 

""^"^ ^ - V (1 + sm 2 A) + V (l-s*w 2 A)' 

. _2_ 

*^^ ^ " V (l+si7i 2 A) -V (l-«*^ 2 A)' 

These are all given, in a tabular form, in Table 9, 
where will also be found a general collection of the 
equivalent values most useful in Uie Solution of 
Triangles, and in Trigonometry generally. 
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CHAPTEK m. 

Solution of Bight-angled Tbianoles. 

By the solution of a triangle is meant the process 
of finding the nnknown sides or angles by means of 
relations known to exist between these and the sides 
or angles already known. 

We have already seen that if we know any three 
of the six parts (three angles and three sides) of a 
triangle we can find the remaining three. The two 
exceptions to this are — 

(1.) When the three angles only are given: in 
whicn case the number of triangles that will satisfy 
the given conditions is infinite. 

(2.) When two sides and an angle opposite to one 
of them are given: in which case there are two 
triangles that will satisfy the given conditions. 

The solution of right-angled triangles is, generally, 
easier than the solution of oblique-angled triangles, 
because we have two important theorems applicable 
to this case. 

(1.) The square of the hypothenuse equals the 
sum of the squares of the two other sides. 

(2.) The sum of the acute angles is 90°. 




That is, c* = a^ + &?, and A + B = 90°. 

Therefore we will first give the general formula 
for use in the various cases of a right-angled 
triangle. 

(1.) To solve a right-angled triangle when the two 



IflO mxjctum or 




fidea s» gmn (^ 6, sad C, gnca to lad c; A, 
iShdB), 

c = V €1^ -i-l^ 

-=arfA. 

If flie TBhies of a and ( ne sull iminhBfii, we 
get, Tcsy easilj, the aqoaie root of the sum of iheit 
iqiuaei for the liTpoBienine, sad the quotient of h 
\fj aUx of a \fjb) will gire the fojt of odb ang^ 
sod toe e0^ of fte oftlier. 

But if tiieie Tifaies, a and h, wn la^e, tins will 
reqradie some tedioos calcnUitiniis in nraltqrficaiian 
and dmsioiL llieae if dme hastily are Teiy liaUe 
to enncB^ and if done with caieieqaire time. There- 
fore it IB better to hare fofmmls adapted to iQgsH 
ritfamic calcnlationy which will oiable ns to do wi&- 
oat the tedious calculation of kmg pfioblems in 
mnltiplicatkHi and diyision, and wh£h we may use 
to a greater or less degree of predsioQ as we 
think fit 

Then we haye— 

b 
to» B =- . • . log ton B = log 6 — log a; 

.*. LtonB = 10 + log6-loga. 
Also, A = 90°-B. 

Lastly, - = «m B . • . c = . ^ 
c 8tna 

. • . log c = 10 + log 5 — L «iw B. 

Example, — In a right-angled triangle, a = 14, 
h = 68-28. 
Boqtiired c. A, and B. 

The formula c = Vl4« + 68-28« would require 
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the calcxilation of the squares of 14 and 68*28, and 
the extraction of the root of their sum. 

The formula - = tan B would require the diTi- 

sion of 68*28 by 14, and the finding the angle whose 
tan equals the quotient. 

Bui with the use of logarithms, the method of 
procedure is thus : — 

L ton B = 10 + log 6 - log a, 

= 10 + 1*8342935 - 1 1461280, 
= 10-6881656. 

Now this logarithm is between 10*6876784 (the 
L of tan 78° 24'), and 10-6883152 (L of tan 78° 25'). 
By calculating this difference, we find — 

L ton B = L tow 78° 24' 46" + ; 

.-. B = 78° 24' 46"+. 
And A = 90° - B = 11° 35' 14" - . 

For the third side c, we have the formula : — 
log c = 10 + log 6 — L sin B, 

= 10 + 1-8342935 - 9-9910574, 
= 1*8432361, 
= log of 69-7; 
.-.logc = log 69-7; 
.-. c=69-7. 

Therefore, in a triangle in which a = 14, 6 = 68*28, 
c = 90°, we have c = 69*7, A = 11° 35' 14", 
B = 78° 24' 46". 

(2.) To solve a right-angled triangle when the 
hypothenuse and one side are given (a, c, G, given 
to find b, A, and B). 

Now, h = ^ f^-^a-, 

= a/ 25^«"^8'^. 

K 2 
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a 

Also. - = wn A = cos B. 

c 

Or, we may find A from sin A ^ -, and then 

B = 90°-A,and6 = cco8A, 

But if we wish to avail onrselyes of logarithms, we 
mnst have formnlsa adapted to logarithmic calcula- 
tion ; i.e,, formnlsB composed of products or quotients, 
as logarithms are of no use in calculating sums and 
differences. 

w» A = - : 
c 

. •. log «n A = log a — log c; 
. • . L sin A = 10 + log a — log c. 

Also, b = VT""^^^, 

= ^/ (c^a)(c-^ a); 

. •. log 6 = J log (c^a) + J log (c-^a). 

Example.-'ljat a = 8-67, c = 25-23, = 90°. 
Now, L «t» A = 10 + log a — log c, 

= 10 + -9380191 - 1-4019173, 
= 9-5361018, 
= WW 20° 5' 55" + ; 
.-.A = 20° 5' 55"+. 
Then, B = 90° - A, 

= 69° 54' 5". 
Finally,log b = l^log (c^a) + ^ log (c + a), 
_ 1-2190603 1-5301 997 
- 2 ■*" 2~' 

= 23-69. 

Therefore, if a = 867, c = 25-23, and C = 90^; 
also, h = 23-69, A = 20° 5' 55", and B = 59° 64' 5". 
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(3.) To soIto a right-angled triangle when a 
second angle and one of the sides be given (a, "B, 
and 0, given to find h, c, and A). 

Now, - = tonB; 

a 

.\ h == atanB, 

Also, - = ace B; 

a 

. * . e = a . sec B. 

And A = 90° - B. 

This set of fonntilA is adopted to logarithmic cal- 
culation, and we have — 

log & = log a + log ^n B, 

= loga +LtonB- 10; 

also, log c £= log a + log sec B, 

= loga + LsecB— 10. 

ExcmipU.—IjBta = U'T, B = 14° 27' 34", = 90^ 
Then log 6 = log a + L ton B - 10, 

= 1 1673173 + 9-4113364: - 10. 

= 5786587, 

= log 3-79011; 
.-. 6 = 3-79011. 
Also, log c = log a + L «ec B — 10, 

= 11673173 + 10-0139790-10, 

= 1-1812963, 

= log 15-180, 
and A = 90°-B = 76°32'26". 

Therefore, when a = 147, B = 14° 27' 34", and 
= 90°; then b = 3-79011, c = 15-18, and A = 
75° 32' 26". 

(4.) To solye a right-angled triangle when the 
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hypothennse and a second angle are given (c. A, and 
C, given to find a, b, and B). 

Now, B=90°-A; 

also, - = sinB: 

c 

. • . 6 = c . sm B, 

and - = cos B ; 

c 

. • . a = c . cos B. 

These, adapted to logarithmic calculations, be- 
come — 

log 6 = log c + log sin B, 

= log c + L siw B — 10, 

and log a = log c + L cos B — 10. 

Example. — Let c = 34*78, A = 14° 14' 34", and 
= 90°. 
Beqnired a, h, and B. 
Now, B = 90° - A = 75° 45' 26"; 
also, log 6 = log c + L stn B — 10, 

= 1-5413296 + 9-9864412 - 10, 
= 1-6277708, 
= log 33-7109. 
Also log a = log c + L cos B — 10, 

= 1-5413296 + 9-3909641 - 10, 
= 9322937, 
= log 8-65645; 
. - . a = 8-65645. 

It must not be supposed that the method given 

here in any one of the four cases is the only, or even 

^Ae best, method for all examples. Each triangle 

mnsi be taken by itself, and pTajc\icft 'wiSL «oasi ^^^ 

sutGcdent &JiuUarity with the fec\a wofli loTm\i\» \ft 
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enable ns to see at once what is the most conye- 
nient method for any particular case. 

Examples, 

a.) Given a = 14-71, h = 39-8 
(2.) Given a = 70-09, c = 74-103 
(3.) Given h = 39-47, c = 8-4907 
(4.) Given a = 7-049, A = 79° 14' 34" 
(5.) Given a = 494-72, B = 8° 17' 9" 
(6.) Given c = 784 1, A = 79° 14' 2" 
(7.) Given c = 94-73, B = 4° 0' 17" 
(8.) Given h = 7-849, A = 79° 0' 14" 
(9.) Given 6 = 80047, B = 47° 3' 
(10.) Given a = 47*47, h = 34' 894 
(11.) Given 6 = 7-1321, B = 7° 4' 3" 
(12.) Given c = 141-3, B = 14° 3' 49" 



GHAPTEB IV. 

Solution of Obliqite-anoled Tbiangles. 

In a right-angled triangle the ratios of sides are 
identical with the ratios of the sine, cosine, &c. ; bat 
this is not the case with other triangles. Gonse- 
quentiy the solution of these is more difficult and 
requires more &miliarity with the facts and formul» 
(explained in Chapter n.), and a readiness in apply- 
ing those most suitable to each particular case. 

(1.) Given the two sides and the included angle 
of any triangle to find the other two angles and third 
side . (b, c. A, given to find a, B, C) 

,_ sin3 b 

Then --_.=:^; 

9tf»G c 
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sin B — 8in C J — c 

• ^_^___^_^^___^_^_ ^— _^_^__ • 

' sin B + 8tw- C 6 + c* 
toyi^(B-C) _ 6~c 

''' tani (BTC) - 6 + c* 
But- 
ton i(B +C)= tow i (180°- A), •.•(B+C=180°-A) 

, A 

b—c A 
. • . tow i (B— C) = £ — co^ -H-; 

/. log ton i (B— C) =log (2>— c)— log(6+c)+log co* -^ ; 

.\L ton i(B-C)=log(6— c)— log (5+c)+L*co« 2* 

In this last equation all the terms in the right- 
hand side are known, and therefore we can find the 
value of i (B-C). We can easily find i (B+C) 
from B+C = 180°— A. A and B are then at once 
found. 

This may seem complicated, but if x, y, z, &c., be 
substituted for the ratios it will be seen that the 
whole operation is simply an ordinary algebraic one ; 
the only difficulty being the substitution of ton 
i (B-C) for sin B - sin C, and of ton i (B+C) for 
sin B+sm C. This is explained and proyed on 
page 107. 

The third side a is easily found from the equation 
a _ sin A 

c sin C* 

Example. — Given b = 15*81, c = 8*47, A = 
14° 24' 37". 

* Notice that we do not subtract 10 from L cot, because 
L Am appears on the other side of the equation, and 
the two lO's balance each otlier. 
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Bequired a, B, and C. 

* , - 8tnB h 

As before, -7-7^ = - ; 

8171 C c 

sin B — Mn C 6 — c 

• ^— ^_^___ • 

' sinB -^ sin C 6 + c ' 
ton ^ (B - C) 6 - c 

•'•to7ii(BTC)~6+l' 
But ton i (B + C) = tow i (180° - A), 

,A 

. ton ^ (B - C) ^ 5-c 

2 

^ (B-C) 6-c A 
. • . ton i^ — J5— ^ = 7-— cot — , 
2 + c 2 

' '^co^7°12'18-5". 



24-28 

As we saw before, this may be adapted to logarith- 
mic calcalatioiL 
Then— 

Lton£^ =log(6-c)-log(6+c)+Lco«7°12'18", 

= log 7-34- log 24-28 + L cot T 12' 18", 
= 8692317 - 1-3852487 + 10-891914, 
= L ton 67° 28' 19"; 

.-.^^^ = 67° 28' 19". 

Also, B + C = 180° - A, 

= 180°-14°24'37", 
= 165° 35' 23". 

Therefore, B + C = 165° 35' 23", 
and B-C = 134°66'38"; -i 
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.•.A= 14:*'24'87", 
B = 150° 16' 0-5", 
and C= 15°19'22" 



179° 59^ 69-6". 



The three angles amount to '5" lees than 180^. 
This half a second is the sum of the decimal parts 
which we did not take into account, but whidi, of 
oonrse, lEAioiild be reckoned if minute accuracy is 
required. 

•B. „ a sin A 

cHn A 
8%n 
. • . log a = log c + L «m A — L wn 0, 
= log 7-97642; 
.-.a = 7-97642. 
And the complete triangle is, 
A= 14° 24' 87", 
B = 150° 16' 0-5", 
0= 15° 19' 22"; 
a = 7-97642, 
h = 15-81, 
c = 8-47. 

(2.) Given two sides and the angle opposite to one 
of them to solye the triangle (a, b, A, given to find 
c, B, C). 

The angle B is found from — 

sin B b 

sin A ~ o * 

h ,8in A 



.'. nnB = 



a 
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Also, C = 180° - (A + B), 

a . sin C b . sin C 
and c = — : — J— or — . ^ . 

sin A sin x> 

This case, however, requires special notice. See 
the remarks accompanying the example. 

Example,-<3riYen A = 17° 14', a = S'Sl, 5 = 27-2. 
Beqxiired B, C, and c. 

sinB b 
As before, -: — r- = -, 

siw A a 

27-2 



8-61' 



27-2 
,' . sinB = sw A, 

o'Ol 
97.0 

= ^^ s^'^ 17° 14'. 
8*51 

.-. L «*n B = log 27-2- log 8*51 + L sin 17° 14', 

= 9-9763178, 

= Ij sin 71° 14' 59" ; 

.•.B = 71° 14' 69". 

Then, C = 180° - (A + B), 

= 180° - (17° 14' + 71° 14' 59"), 

= 91° 31' 1" ; 

a . sin C 
also, c = — : — T-; 

sin A 

. • . log c = log a + L stw — L sin A, 

= log 28-7232; 
.-.0 = 28-7232 

Thus the whole triangle is determined. 
A = 17° 14', 
B = 71° 14' 59", 
C = 91° 31' 1". 
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a = 8-61, 
h = 27-2, 
c =28-7232. 

Bat there is another triangle besides this whick^ 
will equally fulfil the conditions given. The reasor^ 
of this {9& given^ so far as it concerns Qeometry^ ii? 
Eadid, vol. L, page 11) is that the giyen angle is 
not included between the given sideSj and therefore 
tiie side h may be either as in Fig. 1 or Fig. % the 
side a and angles A and G varying accordingly. 





But our previous calculation should show this. 
If it does not, and we find that other triaiigles be- 
sides those found from given conditions will satisfy 
those conditions, it will suggest a doubt of the 
value of Trigonometry. But if we examine our 
former calculation we shall find that it will give us 
both the triangles. 

Thus, B = IT 14', I = 8-51, c = 27-2. 
sin G c 



Then, 



«»B ^ 

27-2 



8-51' 



07.0 

...st«C = ^^ wwl7°14'; 
8*51 

.-. L WW C = log 27-2-log 8-51+L sin 17° 14', 
= 9-9763178, 
= L sin 7P 14' 59". 
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But 9-9763178 also equal the L of an angle as 
mach greater than 90^ as 7P 14! 59" is less; i.e., 
fin 90^—05 = 8in 90°+ «. But, also, if a be greater 
than h, B cannot be greater than 90°, therefore we 
can only take the smaller value. 

.'.sin 7V W 59" = sin 108° 45' F, 
(for 90°- 18° 45' r= 71° 14' 59", 
and 90^+ 18° 45' F = 108° 45' F); 

.•.O = 90°±18°45'l", 

= 71° 14' 59" or 108° 45' 1". 

Therefore, if we know only two sides and one 
angle of a tnangle, we may not completely know the 
triangle, unless the angle be the one included by the 
two sides. 

But though we cannot find the triangle itself, we 
know that it must be one of two, both of which we 
can find. 

We haye now two triangles. 

In (1) B=17° 14', C=71° 14' 69", J=8-61, c=27-2. 
In (2) B=17° 14', 0=108° 45' 1", 6=8-51, c=27-2. 

Whichever value we take for 0, we can easily 
find A and a. 

For A = 180° - (0 + B), 

b . sin A 



and a = 



sin B 



(3.) Given two angles and a side to find the re- 
mainjng sides and angle (A, B, c, given to find C, 
a, b). 

In this case the given side is the one adjacent to 
both angles. 
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Then, C = 180° - (A + B), 

csin A 

a = 



b = 



8%nC ' 
a . sin B 

sin A 




^ajompfe.— Given A = 64® 17, B = 81° S 
e = 17-43. 

Eeqtiired C, a, and h. 

Then, C = 180° - (A + B), 

= 180° - 145° 48' 14" 

= 34° ir 46" ; 

c . sin A 

also, a = — :—rr> 

sm 

_ 17-43 X 8m 64° 17\ 

" WW 34° ir 46" ' 

.•.loga=logl7-43+L«Vi64°17'-Lw»34°] 

= log 27-9409; 

• .-.a = 27-9409. 

„. „ , c . sin B 

17-43 xstn 81° 3ri4\ 
sw 34° ir 46" ' 
.-. log5 = logc + L8m81°3ri4"-Lsi/i34°] 

= log 29-9755, 
r.h = 29-9755. 

Therefore, A = 64° 17', 

B = 81° 31' 14", 
C = 34° 11' 46", 
a = 27-9409, 
h = 29-9755, 
c'= 17-43. 
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(4.) Giyen two angles and a side opposite to one 
of them to find the remainiiig sides and angle 
(A, B, a, given to find C, h, c). 

Then, = 18(P - (A + B),' 



c = 



MnA ' 
sin A 



jE-a^mijfo.— Given A=37^ 14:',B=51° 17', 0=49-7. 
Beqtiiied C, h, and c. 

Then, = 180° - (A + B), 

= 180° - 88° 31', 
= 91° 29'. 

. , , a.sinB 

Also, b = — r— r— , 

«m A 

_ 49-7 X gin 51° 1? . 
sin 37° 14' ' 
.-. log 6 = log 49-7 + L wn 51° 17 - L«» 87° 14', 
= log 64-0898; 
.•.6 = 64-0898. 
a . sin 



And c = 



sin A ' 
49-7 X 8m 91° 29' 



sin 37° 14' 
.-. log c = log 49-7+L sin 91° 29' - L sin 87° 14'; 
= log 78-417; 
.-.c =78-417. 

Therefore, A = 37° 14', 

B = 61° 17', 

= 91° 29', 

l2 



I . 

• 4.- 



► 



^1: 



I ^1 



! :i' 






h 



I I 

i ^ I 
r 
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a = 49-7, 
b = 64-0898, 
c = 78-417. 

It will be necessary to recur again to the 
lar case of one angle being greater than 90^. 



I CHAPTEK V. 



' I" 1 Practical Application of Tbioonomx 

* * Wb come now to the practical use of TrigoB 

I f I to the discussion of the methods by which 

r ;< enabled to measure angles and distances 1 

I f * inaccessible by ordinary methods, such as mc 

' ; the height of a tower or wall that we can 

.j proach, or the width of a river that we cami( 

The great principle is to fix upon three 
and to regard them as the three angular poi 
•* triangle. Any general remarks mil, how( 

better understood after we have discussed 
examples. 

Example, — Required to find the width of 

without crossing it, 

, Select some object (A) on the opposite ba 

, < observe it from two points (B and C) on ti 

' * noting the magnitude of the two angles B an( 

' their distance from each other. The breadtl 

river will then form one side of the trian§ 

formed, if B or C be opposite A. 



A 



B 

Then, in the triangle A B 0, we know tw( 
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ftQd the included side, and by the ordinary method 
We can find the other sides and the remaining angle. 

Thns, let C = 90°, B = 47° 4', and a = 89*7. 

We do not, however, want any but the side h, 
since our object is not to solve the triangle ABC, 
bnt to find the breadth of the river ; that is, the 
side b. 

^ h sin B 

Then, - = -:— r- ; 
a 8%n A 



.6 = 



a . sin B 



sin A 
. • . log h = log a + L sm B — L sin A, 

= log89-7 + Lsm47°4'-L«m42°66' 
= log 9a-4161 ; 
.-.J = 96-4161; 
which is the width of the river, as required. 

But the angle C may not be 90° ; that is, the 
triangle may not be a right-aDgled one, for the point 
A may not be opposite either B or C, or the river 
may wind so that B C may not be perpendicular to 
A Cor to AB. 

Suppose a = 89-7, B = 49° 6', and C = 64° 17'. 
Then, A = 180° - (B + C), 
= 76° 37', 
h sin B 



and 



a 



h = 



sin A ' 
a . sin B 



sin A ' 
. • . log 6 = log a + L sm B — L sin A, 

= log 89-7+L sin 49° 6'-L sin 76° 37', 
= log 62-6926; 
,-.h = 62-6926; 

which is the width of the river in the slanting direc- 
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tion A C. This supposes that it is either impra<^V3^^ 
ble or undesirable to measure it at right angles to it 
course. 

But the distance directly across the river from ^^ 
is easily founds since the line of this distance foniiz^ 
witii the line h and part of a a smaller triangle^ of 
which F wiU be 90°, and A' = 90° - c. In this 
smaller triangle we know one side h and the two 
adjacent angles A' and C. The side ii is the direct 
distance of the river. 

Thus, I = 62-6926, C = 64° 17', A' = 45° 43'. 

(By A' and B' are meant the angles in the small 
triangle.) 
Then, B = 180° - (A + C), 
= 90°; 
d sinC 



UIBO, , — • x> > 

svnW 






h . sin C 






• • "^ " «n B ' 






.-. log c' = log 62-6926+ L wn 54^ 


^7'- 


.L«f»90°, 


= log 50-8997; 






.•.c' = 60-8997; 






which is therefore the width of the 


river 


measured 


directly across. 







UxampU, — It is desired to ascertain the height (f a 
tower, the top of which is inaccessible. 

Take any convenient point (C) at the foot of the 
tower, and any otiier (B) at a convenient distance 
from it. Measure the distance between these points 
(C and B). 

In the triangle ABC, the side h is the height of 

the tower, and we know the side a, the angle B, and 

the angle C. B is found by observing the top of the 

tower from that point, and measuring the angle 

which the line of vision makes with the ground. 



i 
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G 18 a right angle, being the angle of the wall with 
the ground. 

Suppose a = 974, B = 43° 14', and C = 90°. 

__ b sin B 
Then,-=-:— T-; 

, a.sinB 
8tn A 

. • . log b = log a + L «m B — L «wi A, 

= l(^97-4 + L«m43°14'-LOTn46°4ef 
= log 81-6196; 
.-.J = 81-6196; 
which is the height of the tower. 

It may be that the highest point of the tower, of 
which iJie height is desired, may not be directly 
above the outer wall, that is, the angle C may not 
be a right angle. In this case we must use a second 
triangle, as in the last example. Of this second 
triangle, the side b, the height of the tower, and the 
distance of the tower from the outer wall, form the 
three sides, of which only b is known. But we know 
all the angles, since one is 180°— C, the second 90°, 
and the third 90°— C. From these we can easily 
find the side V, which is the perpendicular height 
of the tower. 

The two cases of this example are precisely iden- 
tical with the two cases of the last proposition, the 
only difference being that in the case of the river 
the triangle is measured horizontally, while in the 
case of the tower it is perpendicular. In the one 
case. A, B, and C, are all on the ground ; in the other 
only B and C are on the ground, A being vertically 
above it. 

But it may happen that the top of the tower is 
not observable from the base of the outer wall ; most 
probably it would not be. In this case we must 
take two points away from the wall, thus : — 
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Obserre the angle ABC, also the angle ADC, 
then also the angle A D B is known. Measnie the 
base BD; then we have in the triangle ABD two 
angles and the adjacent side ; this will give ns A D. 
Then in the triangle ADC we know ADC and 
D A C ; also C is 90°. Also we know AD, and so can 
easily find A C, the required height. 

But it may also happen that the two points of 
observation B and D cannot be taken in the same 
line with C. In this case they may be taken at any 
conyenient points. The conrse of procedure is, as 
before, to find A B in tiie triangle ABD, and tiien 
consider it as a side of the triangle ABC, and so to 
find A C, as required. 

Example, — To find the distance between two points 
that are both visible, but also both inaccessible to the 
observer. Let A and B be the two points. 

Take two convenient points from each of which 
A and B are both visible. Let these points of obser- 
vation be C and D. 




At C measure the angles A C B and D C B. At 
D measure the angles ADC and B D A. Also mea- 

^are CD. FtotDl these data, the object is to find 

the length of A B. 
^ow, in the triangle A C D ^e Vitfyw \^\i^ «.^^ C»Ti 
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and the angles A G D and ADC, therefore we can 
find AC. 

Then, in the triangle B C D we know the side C D, 
and the angles BCD and BDC, therefore we can 
findBC. 

Lastly, in the triangle B A C we know A C and 
B C, and the angle B C A, therefore the side A B can 
be found. 

Bnt AB is the distance between the two points 
A and B, which was required to be known. 
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PAET m. 



CHAPTER L 

Sfherioal Geometbt. 

If a circle be allowed to revolve round one of its 
own diameters, the figure so described will be a 
sphere, a figure defined by saying that every point 
in its surface is equally distant from the cenixe of 
the generating circle, and of which we have a fa.Tm'li>r 
example in a ball. 

If a sphere be cut by a plane, the section is a 
circle ; if the plane pass through the centre of the 
sphere, the circle of the section is greater than if 
it does not. 

All circles that pass through the centre of the 
sphere are equal in size, and are called great circles. 

When a sphere is cut by a plane, the centre of the 
circle made by the section is found by drawing a 
perpendicular from the centre of the sphere to the 
plane of the circle. 

Circles are said to be nearer to the centre of the 
sphere (and are greater) as this perpendicular dis- 
tance decreases, and, vice versd, the circles decrease 
in size as their distance from the centre increases. 

A great circle (i.e., one passing through the 
centre) divides a sphere into two equal parts, called 
hemispheres. 

Two great circles at right angles to each other 
divide Qie sphere into four equal parts, called 
qtuidrants. 
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jfo great circles, whose inclination to each other 
ss than a right angle, enclose a portion of the 
are which is less than a quadrant, and which is 
ed a lime. 



The suTface of a sphere is equal to the product of the 
'cumference and diameter of the generating circle, 
(which is the same thing) of a great circle. 

Let d he the diameter, and c the circnmference, 
len the sar£Eice of the sphere = d5 c = 3'14 cP. 

Mcample. — ^Let the diameter of a circle be 7 inches, 
Jien the circnmference = 7x3*14 = 21*98, 

md the surfiace of the sphere = 2198x7 = 153-86. 



The surface of a sphere is equal to four times the 
area of a great circle ; i.e., of the generating circle. 

Let d be the radins, then d x '7854 = area of circle, 
and surface of sphere = dx *7854 x 4. 

Example, — ^Let the diameter of a circle = 7, 
the circumference = 21*98, (as above) 
the area of the circle = 7^ x -7854 = 38*4846, 
and surflEU^ of sphere = 38*4846 x 4, 

= 153*9384. 

The difference between 153*9384 and 153*86 aa 
given above, is owing to the decimfds not hemg 
taken to a sufficient number of places ; but, also, in 
this kind of calculation, we seldom get complete 
equaUty or complete values, partly b^use of the 
length of the decimals, and partly because they are 
frequently recurring decimals, and therefore the 
values are all more or less approximations. 



TTie scud content of a sphere is equal tc 

surface x radius 
3 • 
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Let d be the diameter of a great circle, and c t^ij^ 
circTiiiiference, 

then the surface =cd, 

the radios = — , 

and the solidiiy of the sphere = ^ ^ , 

Example, — ^Let the diameter be 7, 
then the radios =L, 

the surface = 153*9, 

163-9x7 



and the solidity 



3x2 
= 179-6. 



Surfouxs of spheres are to one another as the squares 
of their radii, and their solid contents as the cubes of 
their radii. 

If S and S' be the snperficies (or surfaces) of two 
spheres, and B . B' their respective radii, then — 

S : S' : : B« : B'. 

Also, if C and C be their respective solidities, 
then — 

C : C : : B^ : B». 

Example. — ^Let there be two spheres, one of 6 inches 
radius, and the other of 7 inches ; then the surfaces 
are as 26 to 49, and the solid contents as 126 to 343. 

From this we see that if we double the radius of 
a sphere we increase the sur£ai.ce fourfold, and the 
solid contents eightfold. 

Also to halve the radius is to quarter the surfiEtce 

d to reduce the solidity to one-eighth. 



^^a 
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As this theorem is yery important^ and not always 
very readily comprehended in all its fulness, we 
give here a few more examples. 

Table of Surfaces and Solidities of inheres. 



Kadii 


Surfaces. 


Solidities. 


feet. 


square feet. 


cubic feet 


1 


12-56 


4-19 


2 


50-24 


33-49 


3 


113-04 


113-04 


4 


200-96 


267-88 


6 


314-00 


523-33 


6 


452-16 


904-32 


7 


615-24 


1435-56 


8 


803-84 


2143-57 


9 


1017-36 


3052-08 


10 


1256 00 


4186-66 



Sphebioal Tbianolxs. 



If two great circles cross each other they enclose, 
as we have seen, a portion of the sphere, called a 
lune, resembling in shape a wedge, the width of the 
thicker edge of which varies from to half the cir- 
cumference ; never being qtiite so small as 0, never 
being quite so large as half the circumference. 

If a third circle cross two intersecting circles, the 
portion cut off is a triangular wedge, differing from 
a lunar wedge in that the outer surface is a tnangle, 
while the inner edge becomes a point. 

The three sides of the triangle are arcs of circles, 
subtended at the centre by angles. The angle sub- 
tending each arc is the same as the angle of the 
planes of the other two circles. 
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g 



Therefore^ in a spherical tnangle^ there are six 
angles to be considered : 

1). The three angles of the triangle. 

^2). The three angles corresponding with the 
three sides. 

We have seen (page 90), that we consider the 
sine of any angle as also the sine of the arc subtend- 
ing the angle. 

Therefore^ we have, in every sphericfd triangle, 
six sines : 

(1\ Three of the sides. 

(2). Three of the angles. 

Exercises, 

(1). Find the superficial extent of a sphere of 
which the radios is 4*7 inches. 

(2). Find the solidiiy of a sphere having a radius 
of 81 -73 yards. 

(3). If a cubic foot weigh 10 lbs. find the weight 
of a sphere the diameter of which is 819 feet. 

(4\ How many square yards in the superficies of 
a spnere of 5 * 8 feet radius ? 

(5). One globe has a radius of 2*8 inches, and 
another of 4*1 inches. How much is one super- 
ficies greater than the other? and by how much 
does the solidity of one exceed that of the other ? 



CHAPTER XL 
Spherical Triangles. 



A BPHERioAL triangle resembles a plane triangle in 
having three sides and three angles, but it differs 
from it in that its sides are arcs of circles. 
This difference is a very important one, since we 
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haye seen (page 91) that, for any angle, we may 
consider the sine, cosine, tangent, &c., as belonging 
either to the angle or to the arc of the circomference 
corresponding to it; also, that every arc may be 
oonsid!ered as haying a corresponding angle. 

Therefore, in a spherical triang:le, not only the 
angles, but also the sides, have ratios ; i.e., we have 
sines, cosines, tan^nts, &c., for the three angles, 
A, fi, C, and aJso smes, cosines, tangents, &o., for the 
tturee sides, a, h, c. 

But the sines, &c., of the arcs of circles are ths 
same as those of tiie corresponding angles at th( 
centre. Therefore, we may consider the six -paxta oi 
a spherical triangle as six angles. 

Thns, A, B, C, the three angles of the triangle, 
and * A', B*, C, the three angles correspondGng to 

the sides. 

But this view may be still farther extended, with 
a very important result. 

The three angles, A', B', C, corresponding to the 
arcs a, &, c, are all supposed to be at the centre of 
the sphere. This follows from the fact that we con- 
sider here only triangles formed by great circles. If 
a triangle be formed (as any number of triangles 
may be) by three circles, of which one, two, or aU, 
do not pass through the centre, such a triangle is 
not considered as a spherical triangle, though it be 
formed on the surfeuie of a sphere by three intersect- 
ing circles. The technical term " spherical triangle " 
is confined to triangles formed by three intersecting 
great circles. 

Therefore, in every spherical triangle, we have, 
A, B, C, the three angles of the triangle, 
and A, B', C, the three angles forming a solid angle 

* We use A', B', 0*, as the angles corresponding to tbe 
sides a, h, c. Any other letters, as D, E, F ; M, N, O, &c.» 
would do; but A', B', C\ are more 83rmmetrical. 

m2 
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at the centre of the sphere^ and corresponding to 
tiie sides a, b, c, respectively. 

This brings ns to the consideration of a solid 
angle at the centre of the sphere. Just as we 
connect a plane angle with an arc of a circle, so we 
shall now be able to connect a solid angle and a 
spherical triangle. 

If we know the radios of a circle and the length 
of any arc, we know the angle at the centre corre- 
sponding to that arc, and vice versa. Jnst so, if we 
kaow the radius of a sphere, the data of a solid 
angle at the centre will give us the sides and angles 
of the corresponding spherical triangle, and the 
sides and angles of a spherical triangle will give us 
the data of the corresponding solid angle. 

Every spherical triangle is made by three arcs of 
great circles. Each of these arcs has a correspond- 
ing angle at the centre of its circle, but the centre 
of a sphere is the common centre of all its great 
circles, so that these three angles form a solid angle 
at the centre of the sphere. The three sides may be 
expressed by a, b, c, and the corresponding angles 
by A', B', C, as before. 

This gives us one correspondence between a 
spherical triangle and its solid angle. 

But each angle is in the same plane as its cor- 
responding arc; therefore the three angles of tiie 
solid angle are at the same inclination to each other 
as the sides of the triangle ; that is, the inclination 
of the three faces of the solid angle to each other 
are the same as the three angles of the triangle. 

This gives us another correspondence between the 
spherical triangle and its solid angle. 

Therefore, in every spherical triangle, the sides 

a, b, c, correspond to the three angular faces of a 

solid angle, and the three angles A, B, 0, are tho 

same as the angles of inclination of these three fjEMses. 

So that as we speak of an angle or of its arc, so we 
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may speak of a spherical triangle or of its solid 
angle^ and vice versd. 

In every spherical triangle^ each part. A, B, C, 
a, b, c, has the six ratios, sine^ cosine, tangent, secant, 
cosecant, and cotangent. 

Li speaking of me sine, cosine, &c., of a side, we 
consider the side as an arc of a circle. 

All the properties we have proved for the ratios 
of plane angles are equally true of the ratios belong- 
ing to the angles of spherical triangles and to the 
soUd angles belonging to them ; but we must extend 
our notions of triangles somewhat further than has 
been hitherto required for plane triangles. 

We may get a practical idea of a spherical triangle, 
and its corresponding solid angle, by taking a Dutch 
cheese and cutting it half-way through in three 
different directions, so that each of the three planes 
of section crosses the other two. 

In this way a piece will be quite cut away from 
the cheese; a piece in the slmpe of a triangular 
pointed wedge. If this piece be removed, it will 
leave a triangular hole 1x)unded at the surface by 
three curved hnes, and having three flat sides ter- 
minating together in a point at the centre of the 
cheese. The three curved lines will represent the 
spherical triangle, the point at the centre will re- 
present the corresponding solid angle. 

The piece removed will terminate in a three-faced 
solid angle, and the opposite end will be a curved 
surfiEu^ bounded by three curved lines forming the 
corresponding spherical triangle. 

In me next chapter will be given a set of formulsB 
for the solution of spherical triangles. 

It will be found somewhat different from the 
formulse and method of solution in the case of plane 
triangles ; but each method will be found to illus- 
trate the other, and assist the comprehension of it 
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CHAPTER m. 

Batios of Sphsbioal Tbianolbs. 

In the preceding chapter we explamed how spheri- 
cal triangles were measured^ and their sides and 
angles represented by ratios in very much the same 
manner as plane triangles. 

We have now^ in this chapter, to explain three 
things: 

1st. How to find the ratios. 
2nd. How to establish some frmdamental theo- 
rems. 
3rd. How to apply these theorems to the solu- 
tion of trmngles. 



I. How to find the Ratios of a Spherical Triangle, 

For the sake of simplicity, we will take, first, the 
case of right-angled triangles ; ».e., spherical triangles 
in which one of the angles is a right angle. 




B 

Let A B C be a triangular portion of the surfoce 
of a sphere, and let be the centre of the sphere. 

Then A, B, C, are radii of the sphere, and 
are all of equal length ; and if we take a point in 
each (A', B', C'), so that all three points are tiie same 
distance from 0, we shall have a plane triangle, 
A' B' C, which in some respects corresponds with 
the spherical triangle, and in some respects differs 
from it 



RATIOS. 1! 

The three angles A', F, and O, are the same 
the three angles A, B, and C; so that the two t] 
angles are equiangular. 

The plane of the triangle A' B' C is parallel wi 
the plaiie passing through the three angular poin 
* A« B, C, of the spherical triangla 

Each of the sides^ d, V, d, of the triangle A B' 
is less than the corresponding side a^ J[ c^ of tl 
triangle^ just as the area of the plane triangle A' F 
is less than the area of the ourred surface of t 
triangle ABO. 

Let the spherical triangle ABO be right-oxigL 
at 0, then also the plane triangle A'B'u is rigl 
angled at O'. 

Then also — 

j^=wnA'=wnA, 
= cos F = cos B. 



^=smF = smB, 
= cos A' = cos A. 



^fMf = tan F = ton B, 
= cot A! ss cot A. 



F C 

■YT^ = tan A' = tan A, 
A U 

= co^ F = cofK 



A' F 

jj-^ = sec A' = sec A, 

= cosec F = cosec B. 
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— — = seclff = sec B, 

= cosec A! = cosec A. 



So that any one ratio being given, the rest are 
eadly found, both of A and B. being 90°, its ratios 
are all known. We have thus a method of finding 
the ratios for the angles of the triangle. We have 
now to find those for the sides, which (as we have 
before shown) are arcs of circles snbtenoing certain 
angles at the centre, and the ratios of the angles 
may be also spoken of as ratios of the arcs ; i, e,, of 
the sides of the spherical triangle. 




To do this, take some point, M in B, draw M N, 
in plane BOO, and perpendicular to plane A ; 
from N draw N P, in plane A, and perpendicular 
to plane AO B; then join M P, by a line in plane 
A B, which will be i)erpendicular to plane A C* 

Then we have a triangular pyramid, of which 
M N P is the base and the apex, and we have three 
right-angled triangles, viz. : — 

M N 0, right-angled at N. 
NOP, right-angled at P. 
MOP, right-angled at P. 

The triangle MNP is quite distinct from the 
tiangle A' F O, and is generally in a different plane. 
But the angles of tricuagle MNP are the same as 
those of the spherical triangle. 

Now the triangle MOP will give us the ratios of 
the arc A B ; i.e., of the angle A B : 

* The proof of this is too long to insert here. 
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Also the triangle M N will give the ratios of arc 
BC; i.e., of angle C B : 

Ajid the triangle. N F will give the ratios of arc 
C A ; i.e., of angle C A. 

Thus in plane B 0, the triangle M N is right- 
angled at N, and then — 

sin 



MN 



OM 
ON 
OM 

MN 
O N 
OM 
MN 
OM 
O N 
ON 
MN 



= cos 



= tan 



= cosec 



= sec 



= cot 



of angle B 0, or of arc B 0, 
or of side a. 



J 



In same way, in plane A 0, the triangle NOP 
being right-angled at P, we have— 

NP 



ON 
ON 
NP 
OP 
ON 
ON^ 
OP 
NP 
OP 
OP 
NP 



= s%n 



= cosec 



= cos 



= sec 



= tan 



= cot 



1 of angle A C, or of arc A, 
) or of side h. 
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Lastly, in. plane A OB, the triangle MOP being 
right-angled at P, we have — 

M P «•« 
— -— — = 8in 

OM 

OM 

^ _ = cosec 



MP 
OP 
OM 
OM 
OP 
MP 
OP 
OP 
MP 



= COS 

= sec 
= tan 
= cot 



of angle AOB, or of arc AB, 
) or of side c. 



We have thus methods of finding the ratios of all 
the six angles which have to be taj^en into account 
in every solid angle ; or, which is the same, in cal- 
culating the sides and angles of a spherical triangle. 

In the next chapter we shall establish some of the 
fundamental theorems by means of which we are 
enabled to solve spherical triangles ; i. e., find some 
of the sides and angles when others are given. 



CHAPTEB IV. 

Fundamental Theobsms of Sphesioal TfiiANOLBS. 

Wb have seen that every spherical triangle has 
three angles and three sides, generally expressed by 
A, B; 0, a, b,c. 80 fax spherical and plane triangles 
are alike. 

But while plane triangles have sines, cosines, &c., 
only for the angles, spherical triangles have these 
ratios for both angles and sides; since the sides. 
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being arcs of circles^ represent angles at the centres 
of those circles. 

The ratios of the six parts of a right-angled spheri- 
cal triangle (three sides and three angles) are con- 
nected by inter-relations expressed by tiie following 
six formula. 

Let A, B, C, be the three angles, C being a right 
angle. 

Let a, 6, c, be the sides opposite A, B, C, respec- 
tively. Then— 

(1.) sin a = sin c sin A; 

also, sm b = sin G sin B, 

(2.) cos A = cos a sin B; 

also, cos B = cos b sin A, 
(3.) cos c = cos a cos b, 

(4.) cos c = cot A cot B. 

(5.) tan a = torn c cosB\ 

also, t<m b = tarn, c cos A. 

(6.) tarn, a = torn Asinb; 

also, torn b = tan B sin a. 

Here the six formulad are stated together, but it 
is necessary to prove them before we can make nse 
of them. FormulBB 1, 8, 5, and 6, are easily esta- 
blished, and 2 and 4 are derived from them. 

Thus, to prove (1) — 

A 




tin a = 



MP 
OM' 
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^MP MN 

MN ' M' 
= sin A em e, 

= sin c sin A ; 

.'. sina = sin c sin A. 



(8.) cos c = cos a cosh. 

O N 

For cos C = rr-=r^, 

OM 
_0N OP 

OP'OM' 

= cosb cos a; 
,' . COS c = cosb cos a. 



(5.) * tan b = tan c cos A. 

PN 
For, tan » = g^, 

^ PN MN 

MNNO' 

= cos A tan c; 
, ' . tan b = torn ccos K, 



(6.) tam, a = tan A sin h. 

For, tana = -q--, 

_MP NP 

NP'OP* 

= tan A sin b, 
. ' . tan a = tan A smb. 



The second cases may be proved in exactly the 
same manner, changing, when necessary, the fignre^ 
so that instead of M P perpendicular to P, we haye 

* We take the second case, because with our figure the 
proof is more simple. 
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PM perpendicular to OM; and instead of MN per- 
pendicular to N, we have N M perpendicular to 
O M ; also N P perpendicular to P instead of to 
ON. 

We have now to deduce formulsB (2) and (4) from 
the theorems already established. Thus^ in (4) — 

C08 = cot A cot B, 

"For, tan a = tern A sin b, (6) 

and, tcm h = t<m Bsma, 

mxQtiplying these together , we have — 

tan a tan b = tan A tan B sin a sin h; 

. tan a tan b .^ ^ ~v a . 
. . J—- — =. = sm a 8%n o : 

tam, A tan B 

1 sinasfmb 



tan A tan B ta/n a tan b' 

But, ^^^cosa, 

TA •.•^ = ton(page39), 

and, I!^ = cosb, <^ ^ 



tan b 
1 



= cos a cos b, 



tan A tan B 

= cos c (3) 

. cot A cot B = cos c ; 

. • . cos c = cot A cot B, (4) 



To prove (2), we have, — 

cos B = cos a sin A, 
For, sin a = sin c sin A, (1) 

and, tan a = tan ccosB; (5) 

multiplying these crosswise, we have— 
sin a tan c cosB = tan a sin c sin A ; 

tan a sin c sin A 



cos B = 



sin a tan c 
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tana sine . a 





gin a 


' tone 


m ovim ja,f 






1 
cosa 


,0€SC , 


, sin A, 






1 

cosa 


.(0$a cosb . sin 


A, 




cofta 
cosa 


, cosh , 


sin A; 






.', cos'B = cosh sin A; 






and the other case of the fonniila 








cos A = cos a sin A 






is proved 


in the same way. 









From these fundamental theorems we can obtain 
many others, which we do not giye here, because it 
is desirable to keep the subject, at this elementary 
stage, as clear and simple as possible. 

£i the n^ chapter we shall discuss the methods 
of solution of spherical triangles. 



CHAPTER V. 

SoLxmoN OF Bight-angled Tbianglbs. 

In plane triangles (page 21), if we haye three out 
of tne six parts given we can find the other three. 
If the triangle be right-angled, then two of the five 
remaining parts will suffice, and we may use the 
theorem of Euclid, L 47. 

So, in a spherical triangle, if we have throe parts 

given us we can, generally speaking, find the other 

three, but we cannot, even in right-angled triangles, 

use Euclid, 1. 47, because of the practical difficulties. 

But there is this especial peculiarity in spherical 
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triangles, that we have, in reality, six angles to find, 
and then the arcs corresponding to three of these six. 

Uxample. — Given side h and angle A. 

Then, of the six terms A, B, C, a, h, c, three, A, h, C, 
are known, and thd> ^ipbstitution of their values in 
the fundamental equations will generally give the 
values of the others, or equations from which they 
may be found. 

Thus, to find a, 

tan a = tan A sin h : 
to find c, 

cos c = cos a cosh: 
to find B, 

cos B = cos b sin A. 

Example,— GiYen B, 0, and c, to find A, h, c. 

To find a, 

sin a = sin c sin A: 
to find c, 

cos c = cos a cos b: 
to find A, 

cos A = cos a sin B. 
Notice, that to find a, in one example we use 
tan a = ta/n A sin h, 
and in the other, 

sin a = sine sin A. 

This is because in one A and h are known, and in 
the other A and c. The process of solution is very 
simple. It is only to select the particular equations 
which contain on one side the unknown, and on the 
other only the known, quantities. 

But in finding a, h, c, by the sines, tangents, &c., 
we find, not the sides, but tiie angles belonging to 
them : we have then to find the arcs corresponding 
to these angles, which are the sides of the tmngle. 

^a;ampfe.— Let A = 30°, J = 60^ C = 90°. 
Bequired B, a, and c. 

N 2 
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To find B, 

cos 3 = cos b sin A, 

= cos GOP sin dOP, 

= i, 

= CM 76° 31'; 

.-. B = 75°3r. 

(Notice that the smn of the thiee angles is not 
necessarily 180°.) 

To find a, 

tan a = tan A sin h, 

= ton 30° «n 60°, 
- 1 a/3 

= i; 

. * . the angle a is the angle whose tan is i ; 

.-. a = 26°33'. 



To find c, 

cos c = cos a €08 h, 

= -8945446 x -6, 

= cos 63° 26', 

.-. c = 63°26'. 



CHAPTER VL 

Oblique-angled Sphebioal Triangles. 

The fundamental theorems of obHqne-angled spheri- 
cal triangles are more complex than those of right- 
angled triangles, jnst as is the case witii plane 
triangles. To speak more philosophically, however, 
we .should say that the formulsB used for solving 
spherical triangles generally are numerous and com- 
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plex, but that in the case of spherical triangles 
having one right angle we have also other and more 
simple formnlae. The formula for oblique-angled 
triangles are also true for right-angled triangles, 
and &ose in use for right-angled tnangles are, in 
fact, more or less the same, in tiieir simpler forms. 

The following is a list of the chief formulae, given 
to show its completeness. Each will be proved 
afterwards. 

As before, the three, angles are expressed by 
A, B, C, and the three sides by a, h, c. 



(1.) 



Formulce, 
sin A sin B sin 



sin a sin b sin c 
or, sin A : sin B : «m C : : sin a : sin b : sin c, 

cos c—cos a cosb 



(2.) cos C = 



sin a sin b 



(3.) sin g = . /sin(s-a)sin(s-h) 

^ ' 2 A/^ 8tn a stn b 

(4.) ^C /i^»(»-c) 

2 V 8tn a stn b 

(5.) tan9 = ^ / sin (g-a) sin (s- ^b) 

2 A/ sin s sin («— c) 

^ ^ 2 2 cos i (a + J) 

(7.) ton^i^l = cot 9. . fBlSSZ^, 

(8.) cota8inc = coscco8'B-\^sin'BcotA, 

A 
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Let A B C be any spherical tnangle. 

From A draw AD perpendicular to the plane 
ofBOC. 

From D draw D M perpendicular to B 0, and 
D N perpendicular to 0. 

JoinAM, AN, andDO. 

Then also AM and A N are right angles. 

For A DM and A DO being each 90**; 
.-. AM2 = AD3 + DM«. 

= (AO«-DO»)+DM« 

= A02 + (DMa-D0«), 
= A02 4-OM2; 

and AM O is 90°. 
Also A N O is 90°. 

Then ^ = «mAOBorc, 
A U 

^^ = 8mA0CGth, 



AO 

AD 
AM 

AD 

AN 



= wViB, for AMD = B. 
= sin C, for A N D = C. 



The other ratios of B, C, b, c, are expressed by 
means of the same triangles; but those of A and a 
require another, but similar, figure. 

But as we have to do, not so much with the actual 
ratios as with their relations, two angles and two 
sides will be enough. 

We have now to prove the formulsB given above. 

xy \ sin A _ sin B _ sin C 

sin a sin h siw c ' 
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AD 



= sm B ; 



AM 
.-. AD = AM«mB; 

AN 
.-. AD= ANwnO; 
. * . A M sm B = A N «tn C. 

But 4^ = «n 0, and4^ = ««6; 
A O A O 

.' . AM = A O mn c and A N = A O atfi 6. 

. • . A sin c sin B = AO sinb sin c ; 

.' , sine sin'B = sin h sinC; 

. sinB __sinO 



In same way, 



sin b sin c 
sin A sinC 



sin a sun c 
. gin A _ ttw B _ 8W . 
' ' sina sinb sine* 
OT, sin A: sin "B: sin C:: sin a : smb: sine. 



(2.) To find the angles when the thiee sides are 
given. 

A 
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. C08 a '^ COS b COS c 

cosA = . , . . 

8W10 sine 

From M in A draw MN and MP perpendicular 
toAO. 

Join NP. Then NMO and PMO are right 
angles. 

Then PN« = PM?+NM?-2PM . NM cos PMN; 
also, PN« = POHNO« -2P0.no cos PON; 
subtracting, 

PO'-PM? + NO^-NM? I 

•*• +2PM.NMcosPMN-2PO.NOcosPONJ~"- 

But PMN = A,andPON = a; 

also, PO*-PM« = OM«,andNO»-NM«=OM?; 

.•.20M?»+2PM.NM cos A-2P0.no cos a = 0; 

. • . P N . N M cos A = P . N . cos a - M? ; 

, • . cos A = ^^^ ^ cos a • 



PN.NM PN.NM' 

. ...^ 0M« . PM.NM . 

••^^ = po-on + poTon"^^' 

_0M OM . PM NM ,^„ . 

"op'on"^oT-on^ ^' 

= cosh cos + sin b sin c cos A; 

. cos a -^ cos b cos c 

.'.cos A = ^-^r—- y 

sxn sm c 

which is an expression for the cosine of an angle in 
terms of the sides. 



/Q V . c /stn KS—a) sin is— o) 

(3.) stn -o- = A / ' ' I ' 

2 A/ stn a sin b 

Let ^ be expressed by s ; i.e., let » be the 

sjrmbo} fox half the sum of the sides. 
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Then 1 - cos A = i-<^<'-^J>co8e 

8%n sin c 
. <> cV*, 2 A _ cos J . cos c + sin b sin c-^ cos a 
Z stn ostnc 

Because 1 — cos A = 2 w'n^ — ^page 97). 

Also C08{h — c) = cosh cose + sin h sine (page 71). 
• 2 sm' A = gQ8 Q> —c) — cosa 
2 sm h sin c ' 

2.c + a — 6 • a -¥ h '^ c 
stn — L— — 1 . s»n — ^-^ — - 

^ 2 

sm b sin c * 

• sm* A = g^^ (g— ^ ) ' g^'^ (fi—g) . 
2 sinb . sin c ' 



2 Ar «*w o st» c 

which is the same as aboTe, putting A for C. 



(4.) CO, ■g=./'^ ."'»(»-"). 
2 V sma stnb 

As aboTe 1 + cos = 2 cos^ ^, 

and 2 cos^ — = ^^^ ^ (^Q^ ^ « <^^ 6— stw asinh) 
2 sm a s«n & ' 

_ cosc^ co8(a-^h) 
sin a . sin b ' 

22 stn — y^ — . stn ys — 



sin a . sin h 

. ^^sC sins .sin (s—c) , 
2 stn a. stnb 
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ITie greater side of a spherical triangle is opposite 
the greater angle. 

Any two angles <f a sphrical triangle are together 
less tJum the third angle + l&O^ 

In these respects sphericaJ and plane triangles are 
alike : in the following we find them differ. 

TJie sum of the three angles of a spherical triangle is 
greater than two and less than six right angles. 

The sum of the three sides is less than 360°. 

The sum of tiuo sides is 180° if the sum of the oppO" 
site angles he 180°, greater if it be greater, aiid l^ if 
it be less ; ie., the sum of any ttvo sides are greater than, 
equal to, or less than, 180°, according as the sum of the 
opposite angles are greater than, equal to, or less than, 
180°. 

The sum of the three sides are less than 360° ; ie., 
the three angles of the solid angle at the centre of the 
sphere are together less than 360^, or four right angles. 

By means of the formuke of last chapter and the 
above theorems, we are able to find all the sides and 
angles of spherical triangles if three out of the six 
be given us. In right-angled triangles (i.e., triangles 
having one angle = 90°), we require only two parts 
in addition to the right angle. 

Solution of Right-angled TViangles. 

Case 1. If one side and one angle be given. 

Let A and a be given (c= 90°) to find B, b, and c 

Then, sinB = ^2lA: 

cos a 

which gives B. 



. y tan a , 
stn b = r- : 

tan A 
which gives h. 
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sin a . 

8in c = —, — - : 

svn A 

which gives c. 



Thus we find B, b, and c, from A and a. 

Example,— liet A = 25°, a = 13°, C = 90°. 
Kequired B, b, and c. 

Notice, that all the pHrts (angles and sides) are ex- 
pressed in degrees. If the actual length of the side be 
required, it can be found, by calculating what portion 
(if tlie circumference it is. 

Then, smB = £^; 

cos a 

. T> cos 25° 

cos 13° * 

. • . L sm B = L cos 25°-L cos 13° + 10, 

= 9-9572757-9-9887239 + 10, 

= 9-9686518, 

= Lsm68°27'+; 

.•.B = 68°27'+; 

t.e., B is between 68° 27' and 68° 28'. 

Notice, that 10 has to be added to one side of the equa- 
tion, because L sin B = 2 sm B + 10 ; while the two 10*8 
on the other side balance each other. Thus — 

hsinB = lico8 25° — L co« 13°, is the same as 

log sin B + 10 = log cos 25° + 10 - log cos 13° - 10. 



. T tan a 
sin b = ; 

taniL 
. * . L stw 6 = L tan a— L tan A + 10, 

= L tan 13°-L tan 25° + 10, 
= L«*n26°20'+; 
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.•.6 = 26^20' + , 

sin A 
.*. It sin c = Lsin a— L sin A + IO, 

= L w» 13°-L sin 25° +10, 
= Lot»32°9'+; 
.-. c = 32*^9'+. 



Therefore, A = 25**, 

B = 68° 27', 
C = 90°. 
a = 18°, 
& = 26° 2(y, 
c =32°9'; 
which is the complete statement of the triangle. 



Examptc^Jjet B = 17° and a = 41° 

Beqnired, A, b, and c. 

Then, cos A = cos a sin B, 

tan h = tan B sin a, 
cos c = cos a cos h. 



Thus, cos A = cos a sin B, 

= cos 41° «*n 17°; 
. • . L cos A = L cos 41°+L sin 17°-10, 

= 9-8777799+9-4659353-ia 
= L cos 77° 16'+; 
•.A = 77° 16'. 



tan h = tan B sin a, 

= ton 17° sin 41°; 
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.'. L tan b = Jj tan 17''-^L sin 4P-10, 
= 9-4853390 + 9-8169429-10, 
= L ton IP 20'+; 
.'.b = IP 20'. 



cos c = cos a cos b, 

= cos 41° cos 11° 20', 
h cos c = Jj cos 4P+L cos IP 20^-10, 
= 9-8777799 + 9-9914478-10, 
= L cos 42° 15'. 



Therefore, A = 77° 16', 

B = 17°, 
C = 90°, 
a = 41°, 
b = 11° 20', 
c = 42° 15', 

and the triangle is completely known. 

In the same way all the other cases of right-angled 
spherical triangles may be solved, by the use of the 
formula in Table 8. 

Solution of Oblique Spherical Triangles, 

The formulcB used in the solution of oblique 
spherical triangles are given and proved on p. 139, 
but are repeat^ here for convenience of reference. 

r-t V sin A _ sin B _ sin C 

sin a sin b sin c ' 

(2.) cos c = cos a cos b -^ sin a sin b cos C. 

(3.) cot a sin c = cos c cos B + si/i B cot A. 



(4.) tan ^ = cot C . ^(^,. 
2 2 cos i (a + 6) 



o 2 
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(5.) tan^^= cot 9.. ^'^ ^ («-^) , 



2 V 8in a 8tn o 

r7\ -^- C /sin 8 sin («— c) 

(7.; cos ^ = ^/ ; \-^' 

A V 8%n a sm o 



(8.) ton S = /»m(g-a ) wn (8-6 ) 



sin 8 . fim (s— c) 
M 



«m («— c)* 
In the above, « = ^ k ■ > 



^ _ gm (8— g) 8tn (s— &) siV^ (^•""<^) 



8i7l 8 



Case 1. — If a, h, and 0, be given to find A, B, 
and c. 

Then, ton 4 = . /m <»-6) m («-c) . 

2 A/ «*w 8 8»n (8— a) * 

and ton ^ = . /«f" (»-«) »^ (»-«) . 

2 A/ 8*W « 8Wl (8—6) 

which would give A and B, but that c is unknown. 

But to^^ = co^g.^f(^-^); 
2 2 co8i(a+&) 

and f^^ A-B, C 8i7iK«-^>) . 

2 3 8mi(a+6)' 

which expressions give the sum of A and B, and 
also their difference, in terms of C, a, and h, aU of 
which are known. A + B and A — B beiog known, 
A and B are easily found. 



EXAMPLES. 161 

The third side, c, is found thus : — 

sin c __ sin C . 
sin b sin B ' 

sin G • I 
.', stnc = . Z. ,s%no\ 

sin J3 
which gives c, and the triangle is known entirely. 



Case 2.— If A, £, and c, be given to find 0, a, 
and 5. 

A-B 



cos 



Then, tcm -3- = tan gr . 



5^ "^'2' ^A+B' 

cos—^ 

. A-B 

and tan -^ = tan^ . —^-^; 

stn-^ 

which gives a+6 and a—b in terms of A, B, and c, 
aU of which are known, and therefore gives a and h. 

To find C, we have, — 

sin C sin c , 

«wB ~ 8w 6* 

■ ^^ n Stn C • Tk 
. • . WW U = — :-^ . StW B. 

8%no 
which gives G, and the triangle is entirely known. 
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Table 2. 



FaOTB Aia> FOBMULA 

Beferenoe 
Page. 

1 1 ""' 1 

8%n = , cos = — . tan = —.... 43 

cosec sec cot 

iSec = — . cosec = __ . co* = _£. . . . . 43 
cos sin tan 



Sin ) always between 1 and — 1 ; ) co 

Cos ] i, e., never greater than 1 J * * ' 

Sec I always between 1 and 00 ; ) ^ 

Cosec J i. e., never less than 1 J • . • 00 

Tan I may beany magnitude; ) ejo 

Cotan J ». e., varies j&x)m — 00 j • • • 00 
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Magnitudes of 


0" 1 90° 180^ 


270" 


360" 


■'-:iiie. . , . 


1 1 1 1 


-1 





Cosixe . . 


j 1 i -1 


00 


1 


Tangent . . 


I 00 


CO 
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i 1 OD 1 -1 


CO 


1 
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( CO 1 


o= 


-^ . 1 
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1" ° 


CO 
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+ 
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Table 5. 
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00 
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> 
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CO 


f-H 


1 

CO 
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> 


CO 

+ 
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CO 
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CO 

> 
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CO 
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CO 
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CO 
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1 
CO 
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• 
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• 
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• 
• 
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1 


• 
• 
• 
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Table 6. 

Reference 
Page. 

Batios of (A + B) expressed in terms of A 
andB: — 

Sin =s mn A . cos B + cos A . s»n B . 69 

Cos ss cos A . cos B — sin A . sin B . 69 

tan A + tan B 



Tan = 

ca = 

iScc = 
Cosec ss 



1 — tan A . tan B 

1 — tan A . tan B 
tan A + tan B 

1 



cos A . cos B — sin A . stn B 

1 

stn A . cos B + cos A . sin B 



Tablb 7. 



RefSerenoe 
P*ge. 



Batios of (A — B) expressed in terms of A 
andB: — 

Sin = sin A . cos B — cos A . sin B . 71 
Cos = cos A . cos B + sin A . «in B . 71 

,-, tan A — tan B 

"" 1 + tan A . tan B 

^ _ 1 + ton A . tonB 
"~ tan A — tan B 

"~ cosA.cosB + sinA.sinB 

Cosec =_ ' ^ .^ • 

smA.cosB — cosA.sinB 



FA0T8 AND FORMULiB. 157 



Tablb 8. 

Facts and FoRMULiE for the Solution of 

Triangles. 

Refrrtnot 
Pttgt. 

CircTimference o, 855 Q.iyiien rtK 

-Diameter =^ = ng = ^^*^^®='- ^^ 

Circu mf erence _, 860f - ga _ 6*28818 76 

Badius radius ~ ^ " 

IT expresses the ratio of circumference to 
dieuneter 76 

o)^ expresses the number of degrees con- 
tained in an angle subtended by an arc 
equal in length to the radius 76 



Sin K : sinB \ sin C : '. a : h : c 60 

71 A sin B fiin 

a he 



Sin A _ sin B _ sin C g-i 



• •••••• 



s = l(a + 6 + c). . 

Cos 4 =^.i!r±) . .^4 =^^"^) (^-^) 
2 V 6c 2 ^ he 



Area of triangle — 

= o ^c sin A = V s («— a) («— 6) (— c) 
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Table 9. 
Equitalsnt Values. 

Referenee 
Page. 

&n A = 2 stn i A cos i A . . . 96 

Cos A = cos^ i A — 8tn^ i A . . . 96 

= 2cos«iA-l 96 

= l-2«n«iA . . . . 96 

m A 2 tan i A or* 

CosecA = o . 1 A r-A • • . 96 

2 8tn t A €08 it A 

COS* i A — w»' i A 

Co« A=^T^^^'^,^ 96 

2 ton i A 



/Sm 2A=2stnAcosA 94 

aM2A =cos8A-sm«A . . . . 94 

= 2co8«A-l 94 

= 1 - 2 stn» A 95 

ran2A = ,A^^^f, 95 

1 — tan^ A 

Cosgc2A = ^ . } r 95 

2 stn A cos A 

Sec 2A= OA ^ ^ a A • • • • 95 
cos'' A — stn* A 

Cot 2A = ^-*^/ 96 

2 ton A 
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Sin A = ^i (1-C05 2A) 
Cos A = Vi (1 + cofl2A) 



Tan A 



-\/lT 



l-co«2A 



cos 2 A 



• • • 



• • • 



• • • 



CosecA = 



Sec A = 



Co* A 



i (1 - C05 2 A) 

1 

V i (1 + CM 2 A) 

1 + coa2 A 
cos 2 A 



• • • 



-wu 



• • • 



97 
97 

97 
97 
97 
97 



Sm A 
Cos A 
Tan A 
Coscc A 
Sec A 
Co^ A 



^ V(l-t-OTn2A) + V(l-a*n2A) 

_ V(l + 8in2A) - V (1 -nn 2A) 

2 

^ V( l + 8w2 A) + V ( 1- OTn 2 A) 
V(l + sin 2 A)^ (1- «iw 2 A) 

^ 2 

V(l + 8in2 A) + V (1 - w'w 2 A) 

^ 2 

V(l + OT'n 2 A)~- V (1 - «w 2 A") 
'1 — co« 2 A 



- \/tt 



COS 2 A 



98 
98 
98 
98 
98 
98 
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PAET I. 



EXERCISES AND PROBLEMS. 



CHAPTER n. 
Ik tho right-angled triangle, ABC. 

A 

b 




B a C 



Required a, A, and B. 
Required c, A, and B. 
Required b, A, and B. 
Required b, A, and B. 
Required b, A, and B. 



(1.) 5 = 7 and c = 14. 

(2.) 6 = 4 and a = 4. 

(3.) a = 3 and c = 6. 

(4.) 6 = 1-74 and a = 3. 

(6.) a = 3-48 and c = 4. 

(6.) a = 3-48 and c = 400. Required b, A, and B. 

(7.) A ladder 14*1 feet long made an angle of 45° 
with the side of a house. Required the remaining 
angle and the sides of the triangle so formed. 

(8.) A string 20 feet long, tied to the top of a tree, 
reached the ground at 10 feet from the root. Re- 
gmred the remaining side and angles of the triangle 
/armed by the tree, string, and ground. 
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(9.) A boat crossing a stream ICX) yards wide, 
made an angle of 30° with the direct route. Be- 
quired the triangle formed by the lines of route and 
opposite bank. 



CHAPTER m. 



= 2 

= -i 

= -7 
= -6 



Find the values of the 
remaining ratios. 



(1.) ^ne = i 

(2.) Cosine =i 

(3.) Tangmt =4 

(4.) Sine = i 

(5.) Cosecant = 2 

(6.) Cotangent = ^ 

(7.) Secant 

(8.) Sine 

(9.) Cosine 
(10.) Tangent 
(11.) Secant 
(12.) Cosecant 

The negative values are given to accustom the 
mind to them, and to give facihty in working them. 

(13.) Tan = 7*784, find sm and «cc. 

(14.) Sin = *47, find cot and cos, 

(16.) Tan =7*41, find cos and cosec, 

(16.) Sec =4*8, find sin and tan. 

(17.) Cos = '57, find tan and ace. 

(18.) Cosec = 4*84, find tan and cos, 

(19.) iSec =8*6, find sin and ton. 

(20.) Co«. = 7-4, find all the other ratios. 



^^ 
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CHAPTEB IV. 




(l.)A 
andDE. 



B=4,AE = 5,BC = L FindACAD, 



(2.) AB = 5, CD = 1. Find A C, B E, B C, and 
DE. 

(3.) A C = D C. Find the value of ^ and 

AE 

BC 
DE" 



of 



SL) What relation exists between D E and B C, 
when are they eqnal? 

(5.) Find the magnitude of a and p, when jy E' 

(6.) Find the magnitude of angle ABC, when 
AE' = 2Aiy. 

(7.) Prove p = 30° when AB = BD. 

(8.)AB = 5. FindAC,AE,andDE,ifi3 = 30°. 

(9.) If sin a = '484, find cos, tan, and sec of p, 

(10.) If cos o = '574, find tan and cosec of /3. 

(11.) If tan a =4*79, find sin and cos of ^3. 

(12.) If co^ a = 6-84, find sec and sin of p. 

(13,) If sec a =7*9, find tan and cosec of p, 

(14.) If cosec a = 2*57, find all t\ie T«\ioa of (J. 
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CHAPTER V. 
A 

J 

Z a c 



A 



oft 



(1.) Ifa = 3,6=-4. Find the vftluon of A and U. 

(2.) If a = - 8, 6 = -4. Find the taluei of A 
anaB. 

(3.) /8^ = s, «M = - ^. Find the magnittide 

of the angle^ uid the remaining ratios. 

4.) /Sec = 2, ton = — ^8. Find the magnitude 
he angle, and the remaining ratios. 

(5.) C7o< = — 2 cos. Find the other ratios and the 
angle. 

(6.) ^'n = ^-|-. Find the other ratios and the 

angle. 

(7.) Find aU the ratios of 24(P. 

(8.) Find sin and cot of 376^ 

(9.) Find tan and sec of 285''. 
(10.) Find cot, sec, and sin of 166°. 
(11.) Find all the ratios of 300°. 
(12.) Find all the ratios of 120°. 
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CHAPTER VI. 




In the above triangU 

(1.) c = 4, 6 = 2. Find a, A, and B. 
(2.) a = 17-4, c = 20. Find b, A, and B. 
(3.) 6 = 2, c = V8. Find a, A, and B. 
(4.) a = 47 feet, 6 = 39 feet. Find A, B, and c. 
(5.) a = 2-76, c = 3*5 feet. Find A, B, and b. 
(6.) a = 1-5 inches, A = 14°. Find B, 6 and c. 
(7.) c = 7 inches, A = 24°. Find B, a and h. 
(8.) a = 1 mile, b = 795 yards, C = 90°. Find 
A, B and c. 
(9.) a = -49 of a mile, A = 17°. Find B, b and c. 
(10.) a = 9 inches, c = 18 inches. Find A, B and b. 
(11.) c = 47 yards, A = 4° Find B, a and b. 



CHAPTER YEI. 

(1.) Find the values for sine and cosine of 120^, in 
the terms of the ratios of 90° and 30°. 

(2.) Find the above also in terms of 60° and 60, 
and of 180 and 60°. 
r2?J Find the ratios of 90P in terms of 45° and 45°. 
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(4.) Find the sine, cosine, and secant of 60° in terms 
of 90^ and 30°. 

(6.) Express the sine, secant, and tangent, of 27tf* 
in terms of 180° and 90°. 

(6.) Express the cosine and tcmgent of 180° in terms 
of 90° and 90°. 



CHAPTER Vm. 



(1.) Express 14*741 grades in degrees, minutes, &c. 

(2.) Express 14° 14' 14" in grades, minutes, &c. 

(3.) In a right-angled triangle, the perpendicular 
equals half the hypothenuse. Express the angles in 
degrees, and in grades. 

(4.) Find the ratio between 67° 14' and 77<' 14'. 

(5.) Express 101 grades in degrees, minutes, dec. 

(6.) Express 84° in grades, minutes, &c. 



CHAPTEE IX. 

(1.) Express 36° 10' as a fraction of a)°. 

(2.) In a right-angled triangle, one acute angle 
is I of the other. Find the three angles, and express 
them in English, French, and circular methods. 

(3.) Express -j in grades, also in degrees. 

(4.) A circle has a radius of 8 '47. Find the ratio 
of an arc 4*27 to the circumference. 
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CHAPTER X. 

(1.) The sine of an angle = '3784: of the radius. 
Find the angle. 

(2.) In a right-angled triangle the perpendicular 
is i of the hypothenuse. Find the three angles. 

(3.) The base of a right-angled triangle = \ hy- 
pothenuse. Find the three angles. 

(4.) a = 49-4, A = 90°, B = 23° 34'. Solve the 
triangle. 



CHAPTER XL 



(1.) Given C = 14^ 24', a = 47-8, 6 =39-4. Find 
A, B, and c. 

(2.) Given B = 17° 34' 18", a = 23*94, c = 1714. 
Find A, C, and b, 

(3 ) Given A = 39° 14' 29", h = 87*4, c = 84*3. 
Fiud B, 0, and a. 

(4.) Given A = 14° 3' 41", b = 84-41, a = 32*7. 
Find B, C, and c. 

(5.) Given B = 37° 8' 32", a = 39*47, b = 84-32. 
Find A, C, and c. 

(6.) Given C = 41° 13' 42", b = 14*27, c = 39-41. 
Find A, B, and a. 

(7.) Given A = 14° 31' 14", B = 80° 1' 14", c = 
39-78. Find 0, a, and 6. 

(8.) Given A = 89° 14' 14", C = 30° 4^, 6 = 41 • 69. 
Find B, a, and c. 
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PAET II. 



GENERAL EXAMPLES. 



(1.) Prove ?^ = ^^ ^ 



cos ~ ^cosec^ — 1* 

(2.) Prove cot^ , cos^ = cot^ — cos\ 

(3 ) Prove sec^ x cosec^ = sec^ + cosec^ 

,. V -,. nr^ ^«w 20° + tan 40° 

(4.) Prove tan 60° = ^ -farT^^-i^^^i^W 

(5.) Prove (tan 45° + A) = 1±^^. 

(6.) Prove I±ii^4 = tan (45° + ^). 
cos A V 2/ 

(7.) Given a = 14-713, c = 7-81, B = 47°. 

(8.) Given ft, c, and B, to find A, 0, and a, 

(9.) A = 49° 1', B = 37° 5', c = 37-4. Find C, a, 

and 6. 

(10.) Given ^ = 95° 3', C = 14°^^, and & = 7-8. 
Find A, a, and c. 

(11.) A castle is surrounded by a moat. Find the 
height of the castle and the width of the moat. 

(12.) A C is a flagstaff on the top of a tower C D. 
Eeqnired the height of each. 

(13.) To find the width of a marsh without cross- 
ing it. 

(14.) The spire of a church, 200 feet high, sub- 
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tends at A, on tiie narth, an ang^ of 21^ ; and at B, 
on the east, an ang^ of 31^ Beqnired the distance 
of A firom B. 

5.) Fiom the latioB of dCT and 60^, find those (^ 
andair. 

a6.) From the ntks of 9(F and d(P, find those <tf 
12CPand6(P. 

7.) Fran the xatios of GCT and d(P, find those 



150^ 



ofW. 



(18.) Fran the nik» of 9(F and 45^ find those 
ofl35^ 

(19.) Fran the xatios (^ 6(F and 45P, find those of 
105^ and 15° 

(20.) From the ratios of d(P and 45^ find those of 
75° and - 15°. 

(21.) If the diameter of a circle be 10 feet, what 
angle does an arc of 7 feet subtend ? 

(22.) If the radios be 8 feet, what is the length of 
the arc subtending an angle of 49° ? 

(23.) If the length of an arc be 8 inches, and the 
angle 4°, what is the length of the radius? 

(24.) In a circle of 12 feet radius, find the number 
of degrees in an arc of 40 inches, and the length of 
an arc of 40°. 

(25.) The circiMnference of a ciro^t is 18 feet ; find 
the length of an arc of 80°, and the number of 
degrees in an arc of 4 feet 

S26.) In each of two circles, one of 3 inches radius, 
the other of 4 feet, take an arc of 20°, and com- 
pare ilie lengths. 
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